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PREFACE. 


WHEN we consider the great exertions of learned 
men to disseminate mathematical information in other 
countries, we must be surfirised to find that this kind of 
knowledge is most shamefully neglected in the United 
States of America. The mathematical sciences are the 
foundation of almost every art that is necessary to firo- 
mote the comfort and convenience of civilized man : their 
extensive use in human affairs stands attested by the 
wise and learned of every age. It cannot therefore be 
denied that these sciences ought, for the sake of their use- 
Julness, to be diligently studied and liberally encouraged 
in a country like thts. But these sciences are as valua- 
ble in their own nature as they are usefid. For by math- 
ematical exercise, as the celebrated Dr. Barrow observes, 
the mind is trured toa constant diligence in study, de- 
Evered from a credulous simfilicity, strongly fortified a- 
Sainst the vanity of scepticism, restrained from rash pjire- 
sumption, inclined to a due assent, subject to the gove 
ernment of right reason, and insfired with resolution 
40 combat the unjust tyranny of false frejudices. In Eu- 
rofie small periodical publications have contributed much 
tothe diffusion of this kind of learning, and many of the 
Sreatest scientific characters of the firesent age have at 
an early stage of life commenced their mathematical ca- 
reer by answering the questions firoposed in such works. 
Ambitious of seeing their little productions in print, they 
studied with an ardour which nothing else could inspire ; 
and this ambition properly encouraged, by a judicious 
harent or pfirecefitor, accelerated the improvement of the 
fufaland formed the basis of future eminence. The 
learned Dr. Hutton ina late fublication hes declared that 
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a@ sinallfteriodical work, entitled, the “ Ladies’ Diary,” 
had frroduced more mathematicians in England than had 
been done by all the mathematical authorsin that king- 
dom. But this is not the only advantage that has result- 
ed from such works. They have served as useful vehicles 
in conveying ideas, discoveries, and improvements, from 
one mathematician to another, and to the community at 
large. By these means the limits of science have been 
extended, and the common stock of mathematical know- 
ledge continually augmented and enriched. The Mathe- 
matical Correspondent will be conducted on the same 
flan as the European works to which we have just alluded ; 
and as similar causes generally frroduce similar effects, 
we are not without hofies of rendering some service to 
the fiublic. 

A number of this work containing one sheet of paper, 
will be regularly published four times a year, viz. on the 
Jirst days of May, August, November, and February. 
In each number a prize question will be proposed, and 
whoever gives the best solution to that question, one 
month firevious to the fiublication of the next succeeding 
number, shall receive a handsome silver medal on which is 
the following inscription, “ From the Editors ’cf the 
Mathematical Correspondent, to A B a5 
a reward for his mathematical merit.” fic simad/ 
nrofits arising from the sale of th rk will be aftfilied 
to defraying the expence of the firiz “dais. 

Witha view of rendering the « useful as ossi- 
ble to the generality of our subscribers, we have begun 
with the lowest fiarts of the mathematics; and for this reason 
the questions firofiosed in the first number are such as may 
be resolved by a very small degree of Mathematical 
knowledge. In future, however, we shall gradually as- 
cend towards the higher regions of those sciences, as far 
as may be thought consistent with the abilities of our rea- 
ders. On this subject the oftinion and advice of every 
American mathematician, will always be thankfully ree 
ceived and duly considered. 
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ARTICLE I. 


New elucidation of the firincipiles of the Rule of Pro- 

hfortion, in Arithmetic ; afifilied to the resolution of 
firactical questions, and to the invention of general rules 
Jor making in the neatest and shortest manner jiodssible, 
many of the most useful calculations that daily occur in the 
counting -house. By G. Baron. 


§ 1. Any number may be represented by as many 
dots placed in a straight line 
as that numbercontainsunits. A. .« « -« « « « 
Thus the number 7 is repre- 
sented by seven dots placed in the annexed straight 
line A. 


§ 2. A greater number is a multiple of a less, 
when the greater contains the less a certain number of 
times exactly. Thus 
the number 12 repree B... eles -elee-- 
sented by B is a multi- C..... 
ple of 4 represented by 
C; for 12 contains 4 a certain number of times ex- 
actly (viz. 3 times). For the same reason }4 is a mul- 
tiple of 7, 18 is a multiple of 6, &c. &c. 


§ 3. When a greater number is a multiple of a 
less, the less is said to be a part of the greater. Thus 
the number 4 is a part of (its multiple) 12, 7 is a part 
of 14, 6 is a part of 18, &c. ke. 


§ 4. The denominator of a part of any number, is 
the number which expresses how often that number ” 
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contains the part. It is called the denominator, be- 
cause the name or denomination of the part is always 
derived from it. Thus 4 is named the third part of 
12 from the denominator 3, which expresses how often 
12 contains its part 4, 2 is denominated the seventh 
part of 14 from the denominator 7, which expresses 
how often 14 contains:its part 2, kc. kc. 


§ 5. When a number B is contained in one of its 
multiples A, as often as 
anothernumber Discon- A...|.-e]ee- 
tained in one of its multi- B... 
ples C; then C is said 
to be the like multiple of C ....]..-.]228% 
D that A is of Bs and D.... 
D the like part of C that .° 
B is of A. Thus 9 is a multiple of S, antl 12 is a like 
multiple of 4; 3 is a part of 9, and 4 is a like part of 
12. Again 18is a multiple of 2, and 27 is a like mul- 
tiple of 3; 2 isa partof 18, and 3 is a‘like part of 
27, kc. kee 

§ 6. When four numbers have the properties ex- 
pressed in any one of the three following cases, they 
are proportional ; and when four numbers are propor- 
tional they have the properties contained in some one 
of the same cases, * 

Cass I. 


When the first number is a multiple of the second, 
and the third is a like multiple of the fourth. 


ILLUSTRATION, 


The four numbers 6, 2, 12, and 4, are proportional, 
for the first is a multiple of the second, and the third 
is a like multiple of the fourth. Four proportional 
numbers are universally written thus, 6: 2:: 12:4; 


* This fection muft be confidered, not as a definition, but merely as - 
tion of the three properties, by which proportional numbers are commonly 
known. ‘I‘hefe three properties are actually three different propositions de- 
duced from the true definition of proportional numbers. ‘This definition is 
referved as a curious fubjeQt for a future enquiry. 
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and read thus, 6 is to 2.as 12 isto 4. For the same 
reason9: 33:15:35, 22:23: 33:3, ke. ke. 


Case Il. 


When the first number is a part of the second, and 
the third is a like part of the fourth. 


ILLUSTRATION, 


The four numbers 2, 8, 4, and 16, are proportional ; 
for the first is a part of the second, and the third isa 
like part of thefourth. For the same reason, 3: 15 :: 
5325, 11:2:44::9 3 36, ke. &e. 


Case III. 


When the first number is a nvultiple of a part of the 
second, and the third is a like multiple of a like part 
of the fourth. 

ILLUSTRATION. 


The four num- A ee | eve | ee E o~ 
bers, 6, 8, 9, and B ° e|- [> o[-. 
J2, represented by 


A, B,Cyand Daré C ecole fees Fae 


proportional For D.eeleesefooelees 

E isa part of the 

second B, and F is a like part of the fourth D; and 
A is a multiple of (E) a part of B,and C is a like mul- 
tiple of (F) a like part of D. Consequently A: B :: 
C:D. 

In the same manner it may be shewn that 9: 15 3 
12 : 20, that 21: 143: 36: 24, that &c. &c. 

When A, B, C, and D, represent any four propor- 
tional numbers, the first and fourth, A and D, are 
called the extremes, and the second and third, B and 
C, the means. The last number, D, is said to be a fourth 
proportional to A, B, and C; and the numbers A, B, 
€, and D, are denominated the preporticnal terms. 


CorROLLARY. 
When A : B::C:D, according to case IIT. of § 6 ; 











B is a multiple of (E) a part of A, and D is a like 
multiple of (F) a like part of C. This follows from § 5 ; 
and hence B: A::D:(C; (by case III. § 6.) 


, ScHOLIUM. 

Hitherto numbers have been considered as pure or 
abstract, without any regard to particular kinds and 
denominations ; but § 1, 2, and 3, are also true of num- 
bers of the same particular kinds. For, in § 1, 7 dol- 
lars may be represented by 7 dots. In§2 and 3, I2 
crowns are a multiple of 3 crowns, 14 cents are a mul- 
tiple of 7 cents; 3 crowns are a part of 12 crowns, 7 
cents are a part of 14 cents, kc. &c. But anumber of 
one kind cannot be either a multiple or a part of ano- 
ther number of a different kind; for 12 years cannot 
be a multiple of 3 inches, nor can 7 oxen be a pert of 
21 sheep. 

In § 4, the denominator of a part is a pure number, 
and can never be of any particular kind whatever. For 
although 4 men be a third part of 12 men, yet the de- 
nominator 3 is a pure number, independent of every 
paruicuar kind or denomination. 

In the rule of multiplication the product is a multi- 
ple of the multiplicand, consequently the multiplicand 
is a part of the product, and the multiplier is the deno- 
minator of that part. The product is therefore al- 
ways of the same kind with the multiplicand, and the 
multiplier is always a pure number.* Hence a number 
of one kind cannot be multiplied by a number either of 
the same or of adifferent kind: 3 4 cannot be multiplied 
by 5/. 7 féet cannot be multiplied by 4 feet; nor can 
5 bears be multiplied by 9 asses. All such questions 
are evidently unscientific and absurd, and serve only 
to demonstrate the ignorance and stupidity of their 
authors. 

In the rule of division, either a number and one of 
its parts are given to find the denominator of that part ; 


* See 44, chap. 7, book 1, Malcolm's Arith. page 80 and 134 Fean’s Arith. 
> ancart. 10 of Baren Maferes’, Differtation on the ule of the Negative Sign. 
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or a number and the denominator of one of its parts 
are given to find the part. Hence if the divisor and 
dividend are numbers of the same kind, the qtotient 
must be a pure number; but if the divisor be a pure 
number, the quotient is of the same kind with the di- 
vidend. Let 3 yards be the divisor, and 24 yards the 
dividend, then the quotient or denominator 8 is a pure 
number, which indicates that 3 yards are the eighth 
part of 24 yards. Again, the sixth part of 30 dollars 
is 5 dollars: here the denominator 6, a pure number, 
is the divisor, nd the quotient 5 dollars is of the same 
kind with the dividend 30 dollars. 

In § 5, one number may be either a multiple ora 
part of a second number of the same kind ; and a third 
number may be a like multiple or a like part of a 
fourth, of the same kind, with regard to each other, 
although of a different kind from that of the two former. 
Thus 8 yards are a multiple of 2 yards, and 12 dol- 
lars are a like multiple of 3 dollars ; 2 yards are a part 
of 8 yards, and 3 dollars are a like part of 12 dollars. 
The same is also true if the pure numbers 8 and 2 be 
taken instead of 8 yards and 2 yards. 

From § 6, and what has already been shewn in this 
scholium, it evidently follows, that in four proportional 
numbers, the first and second must always be of .the 
same kind; and the third and fourth also of one kind, 
notwithstanding the two latter may be of a kind diffe- 
rent from that of the two former. . And hence the ri- 
diculous absurdity of the customary manner of stating 
questions in the rule of proportion, by making the first 
number of one kind and the second of a different kind ; 
is abundantly manifest. 


§ 7. In four proportional numbers, if the first be 
greater than the second, the third is greater than the 
fourth ; but if the first be less than the second, the third 
is less than the fourth. 

This is evidently true, when four proportional num- 
bers have one of the properties described in the first 
a2 
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and second cases of § 6. For any multiple of a nutm- 
ber must be greater, and any part must be less, than 
the number itself. It only remains therefore to prove 
that the same is also true when four proportional num- 
bers have the properties described in case III. § 6. 

Let A, B, C, and D, A-..J...J.-- 
represent any four pro- B ...|.-. Eos. 
portional numbers, in 
which A isa multiple of C..|..|.. 

E, apart of B; andC D..|.. Fie 

is a like multiple of F,a 

like part of D. Let the first number, A, be greater 
than the second, B; then shall the third, C, be 
greater than the fourth, D. For since E is a part 
of B, and I’ is a like part of D; B contains E. exacuy 
as often as D contains F (by § 5). And since A is a 
multiple of E, and C is a like multiple of F; A con- 
tains E exactly as often as C contains F (by § 5). But 
since A is greater than B, A must contain E oftener 
than B contains E; and consequently C must contain 
F oftener than D contains F ; and therefore C is greater 
than D. 

In the same manner it may be proved that when B 
is greater than A, D is greater than C; and conse- 
quently when A is less than B, C is less than D. 

CoroLiary. 

if the first of four proportional numbers be equal to 
the second; the third is equal to the fourth. This na- 
turally follows from the demonstration of this section. 


§ 8. In four numbers, proportional according to 
case III. § 6, if a part of the first, added to the first, be 
equal to the second; a like part of the third, added to 
the third, will be equal to the fourth. 

For when A: B A.eeleswcjee E.e- 
::C: Daccording B...[..-[---Je-- 
io case 1.66; B . 
is a multiple of (E) C..]..].- Fi. 
apartof A,andD D../]..J.-]-. 
isa hke muitiple of 
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(F) a like part of C (by cor. to § 6). When therefore 
E, a part of A, added to A is equal to B; the number 
which expresses how often B contains E, must éxceed 
by a unit, the number expressing how often A contains 
E ; and consequently the number expressing how often 
D contains F must also exceed by a unit the number 
expressing how often C contains F (by § 6 and cor.) 
And hence F added to C is equal to D. 


§ 9. In four numbers, proportional according to 
case III. § 6, ifa part of the first subtracted from the 
first leave a remainder equal to the second ; a like 
part of the third subtracted from the third will leave a 
remainder equal to the fourth.* , 


A weelecclece i «6% 
Bs ovghi a 


C..|-.|.. ss 
Db . ole 


§ 10. In four numbers, proportional according to 
case III. § 6, if a part of the first added to the first be 
a multiple of the second; a like part of the third added 
to the third will be a like multiple of the fourth. 
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§ 11. In four numbers, proportional according to 
case Il]. § 6, if a pari of the first, subtracted from the 
first, leave a remainder equal to a multiple of the se- 
cond; a like part of the third, subtracted from the 
third, will Jeave a remainder equal to a like multiple of 
the fourth, 


# As this and the next five fuceeeding fections are almoft felf-evidently true ; 
the confined limits of this work have induced us to omit their demonftrations. 
The demonftration of cach of thefe feétions is however founded on the fame 
Principles with that of § 8, and may be casily formed by the reader, 
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§ 12. In four numbers, proportional according to 
case III. § 6, if the second be a multiple of the sum of 
a part of the first added to the first, the fourth will be 
a like multiple of the sum of a like part ef the third 
added to the third. 
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§ 13. In four numbers, proportional according to 
case III, § 6, if a part of the first be subtracted from 
the first, and the second be a multiple of the remain- 
der; then if a like part of the third be taken from the 
third, the fourth will be a like multiple of this last 
remainder. 
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§ i4. If Mand N represent any two pure numbers, 
then M x N is-equalto N x M. 

For at equal distances, let as many dots be placed 
in a horizontal straight line AB, as the 
number M contains units; anddirectly A......B 


under this line, let the same number o' vH e/US 
of dots be repeated in other horizontal ...... 
straight lines, as often as there are D...... C 


units in the other number N, so as to 
form the rectangular igure ABCD. Then from the 
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nature of multiplication, it is evident by inspection that 
the number of dots in ABCD is the product of M x N. 
But as the vertical straight line AD must contain as 
many dots as there are units in the other number N;_ 
and as the same number of dots in AD, repeatéd in 
other vertical straight lines, as often as the number M 
contains units, actually constitutes the rectangle ABCD ; 
the number of dots in ABCD is also equal to the ne 
duct of N xX M. Hence M x N is equalto N X M. 


Conotnary 1. 


Hence M x N is a multiple of M, and also of Nj 
and M and N are parts of the same M x N. 


CorRoLiary 2. 


Hence any multiple of any number may be repre- 
sented as above, by dots placed in a rectangular form. 


§ 15. In four proportional numbers, any multiple 
of the first is to a like multiple of the second, as the 
third is to the fourth. 


Case I, 


When the first number AB isa A...{...B 
multiple of the second EF, and the xe oF ib 
third I is a like multiple of the D...j...C 
fourth K. | . 

Let ABCD be any multiple of E...F 
AB, and EFGH a like multiple of PEs 
EF; then it is evident by inspec- H...G 
tion that ABCD is the like multiple 
of EFGH that ABis of EF, orthat I... «|. so 
I is of K. HenceABCD : EFGH :: 

I: K (by case I. § 6.) 7 Sey 


Case II. 


When the first AB is a part of the second EF, 
and the third I is a like part of the fourth K. 
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Let ABCD beany A... B 


multiple of AB, and eee 


EFGH alike multi- D...C 


ple of EF; then AB E 
CD is evidently the Se 
like part of EFGH Le ; 
that AB is of EF, or : 


thatlisof K. Hence I .... 


ABCD : EFGH::I 


: K, (by case II. § 6). Reeee|es 
Casz III. 

When the first ABisamul- A.. 
tiple of a part of EF the se- ° 
cond; and the third Lis a like ‘ 

-multiple of a like part of K D. 
the fourth. 

Let ABCD be any multiple E. 
of AB, and EFGH a like mul- ; 
tiple of EF ; then it is evident ; 
by inspection that ABCD isa H. 
multiple of a part of EFGH, 
and that lis a like multiple of I 
a like part of K. Hence 
ABCD : EFGH::1:K (by K. 
“ease III. § 6.) 

CoroLuary ]. 





What has been demonstrated in this section of the 
like mul. ples of the first and second, is also true of 
like multipies of the third and fourth: for the same 
reasoning is equally applicable in both cases. 


CoROLLARY 


2. 


In any four numbers A, B,C, and D, if any multi- 
ple of A be to a like multiple of B as C is to D, then 
A:B::C:D. This is evident from the demon- 
stration of the three cases in this section. 
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§ 16. IfA: E-.. 
B 3:3 © to Dy Ko’ 


then any part of r 
A is to a like a Be A < 
part of B as C ee PS pe ea ie 


is to D. For 
let E be any part of A, and F a like part of B ; then 
A is a multiple of E, and B is a like multiple of F (by § 
5). Now since A (a multiple of E) is to B (a like multi- 
ple of F) as C is to D; therefore E: F:: C: D (by 
cor. 2, § 15). 

CoroLLary. 


What has been demonstrated in cor. 2, § 15 and 
§ 16, of the like parts of the first and second, of four 
proportional numbers, may exactly in the same man- 
ner be proved of the like parts of the third and fourth. 


§ 17. If four numbers be proportional, any multi- 
ple of the first is to the second, as a like multiple of 
the third is to the fourth. 


Case I. 
When the first AD is F....]J....E 
a. multiple of the second ate | , 
B, and the third CG isa A....|... 
like multiple of the fourth B.. 
K. Let ADEF be a multie? ~**** 


ple of AD, and CGHI alike C.....J..... G 
multiple of CG; then itis .....J..-.-. 
evident by inspection that I .....]...-. H 


ADEF is a multiple of B, 
and that CGH is a like mul- 
tiple of K. Hence ADEF : B :: CGHI: K (by case 
1. § 6.) 


Case Il. 
When the first A is A... 
a part of the second B, B...|...}... 


and the third C is a like 
part of the fourth D. C.... 

Since A is a pattof B D....j....|..-> 
and C is a like part of D, 
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any like multiples of A and C must be like multiples 
of the like parts of B and D. ‘Therefore any multiple 
of A is to B asthe like multiple of C is to D (by case 
III. § 6). 


Case Ill. 
When the first ABisa D..|..C 
roultiple of a part of E the oA eins 
second, andthe third FGis A..]..B 





a like multiple of a like “ge? OR 
part of K the fourth. Let sefeede- 


ABCD be any multiple of F...]... G 
AB, and FGHI a like mul- - i} es 

tiple of FG; then itiseasy I ...t... H 
to perceive that ABCD is a K ae 


multiple of a part of E, and 
that FGHI is alike multiple ofa like part of K. Con- 
sequently ABCD: E:: FGHI: K (by case III. § 6.) 


COROLLARY. 


What has been demonstrated in this section, con- 
cerning the like multiples of the first and third num- 
bers, is also true of the like multiples of the second 
and fourth: for the same reasoning is equally applica- 
ble to both. 


§ 18. If four numbers be proportional, any part of 
the first is to the second, as a like part of the third is to 
the fow'th. 
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Let the first of four proportional numbers be re- 
presented by ABCD, the second by EF, the third 


































by IKLM, and the fourth by PQ. Let AB be a part 
of ABCD, and IK a like partof IKLM ; then AB- 
CD is a multiple of AB, and IKLM is a like multi+ 
ple of IK (by § 5.) Make EFGH the like multiple of 
EF, that ABCD is of AB (or that JKILM is of IK), 
and PQRS the like multiple of PQ. ‘Then since 
ABCD: EF :: IKLM: PQ; therefore ABCD: EF- 
GH::IKLM:PQRS (by cor. to § 17). But AB is the like 
part of ABCD, that EF is of EFGH, (that IK is of 
iKLM), and that PQ is of PQRS (by const. and § 5); 
therefore AB: EF :: IKLM: PQRS (by§ 16). And 
again AB :: EF :: IK : PQ (bycor. to § 16); or AB 
a part of the first, is to the second EF, as IK a like 
part of the third, is to the fourth PQ. 


CoROLLARY. 


What is here demonstrated, of the like parts of the 
first and third, is also true of the like parts of the 
second and fourth ; for the same reasoning may be ap- 
plied in both cases. 


§ 19. If any four numbers be proportional, the 
product of the extremes is equal to the product of the 
means. 

For let A, B, C and D represent any four propor- 
tional numbers ; then since A: B::C:D; Ax 3B: B:: 
C x B: D (by cor. 1§ 14 and§ 17)... Again A xB 
>BxA::CxB: Dx A(by cor. 16 14 and cor. 
to § 17). But Ax B is equal to B x A (by § 14); 
therefore C x B is equal to D x A (by cor. to § 7). 
Hence the product of the extremes A and D, is equal 
to the product of the means B and C. 


CoROLLARY. 


Hence in four proportional numbers, if the product 
of the means be divided by one of the extremes, the 


quotient will be equal to the other extreme ; for if 


A:B::C: D then by this section Dx A= CxB, 
and because the like parts of equal numbers must be 
equal one to another, D = Cx B+A: and there- 
B 








( 4 ) 


fore a fourth proportional to three given numbers may 
be found by multiplying the second and third terms 
together and dividing their product by the first. 


ScHOLIUM. 


In this section the first and second of the four pro- 
portional terms must always be considered as pure or 
absiract numbers: this follows from the demonstration 
of this section, and the scholum to §6. Whoever 
eonsidérs the nature of proportional numbers will rea- 
dily perceive that though the first and second terms 
must always be of the same kind in respect to each 
other, yet they are not limited to any particular kind, 
and ought therefore to be esteemed as pure numbers. 
For example—s days : 5 days:: 6 yards: 10 yards, 
3 men: 5 men :: 6 yards : 10 yards, 3 ounces 35 
ounces :: 6 yards: 10 yards, &c. &c ; and the same is 
true of the first and second terms of any four propor- 
tional numbers ; all this is evident from § 6, and hence 
the pure number 3: the pure number 5 :: 6 yards : 
10 yards. 

It is also necessary to observe here, that when the 
first and second terms consist of different denomiia- 
tions, they must be reduced to the same denomination 
before they are considered as pure numbers: thus, if 
2 feet 3 incl.cs : 6 feet 9 inches :: 7 dollars ? 21 dol- 
lars, the first term is 27 inches and the second is 8! 
inches ; consequently the pure number 27 : the pure 
number 81 :: 7 dollars : 21 dollars. 

7 


GENERAL SCUOLIUM. 


§ 20. The preceding sections have been limited 
to numbers for the sake of brevity ; but several of 
these sections are equally true when some one of the 
numbers is a unit: this will evidently appear from the 
following remarks. In § | a unit may be represented 
by asingle dot. In § 2 any number may be consider- 
edasa multiple of a unit. In § 3 a unit may bea 
part of any number, and the number itself is the de- 





nominator of that part. In §5 one number may be a 
multiple of a unit, and a second number may be a like 
inultiple of some other number ;—one number may 
bea part of another, and a unit may be a like part of 
a third number.* e 

Having finished the elucidation of the principles 
of the rule of proportion in arithmetic; I shall now 
apply these principles, to the resolution of practical 
questions, and to the invention of general rules for 
making, in the neatest and shortest manner possible, 
many of the most useful calculations that daily occur 
inthe counting-house. 

TO BE CONTINUED. 


* The theory contained in the foregoing secflons extends no farther than 
is necessary for establishing the elements of the rule of proportion. ‘The 
scientific reader, desirous o acquiring an extensive knowledge of the doc- 
trine of propo. tional numbers, is recommended to a careful perusal of tne 
not a eighth, and ninth books of Euclid, and Emersons doctrine of Pro- 
portion. 


ARTICLE II. 
A PROBLEM, éy Wo. Ex tior, printer, M. York. 


Given a: 6::c¢? : d?, tofind x interms of a and 
6b, sothata+r:6+4+ar::0¢: da, 


Since a: 6 :: ce? : d*, it is well known that 
f/a: £/6:: ¢: d, and hence by the problem 
atx:b+2:: fa: £6; from this analogy 
afb+2xYfb6=6 f/at+exY/a, and therefore 

eal bSfa—a/b 

Sf bam e/ @ 


onal between a and 3d. 





= a6 =a mean proporti- 


CoROLLARY. 


Hence in the Appollonian Parabola a number of cu- 
rious propertics become self-evident. 
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ARTICLE III. 


- 


4 Curious and useful prrofiosition in Geometry, with 
tts application to a certain sulject in Geography and 
Navigation. By RB. Tacart. 


PROPOSITION, 


The radius of a circle intersects the circumference 
at right angles. 


Let ABCD bea cir- B 
cle in which O is the 4 
centre and AOC the di- 
ameter, then shall the 
radius OC intersect the 
circumference at right 4 
angles in the point C. ~ 
From the point C 
draw CT at right an- 
eles to the radius OC, 
then by the 16th prop. 
of the 3d book of Eu- DD 
clid C'T is a tangent to the circle at the point C. In 
the circurnference of the circle take any point E and 
draw the straight lines CE and AE; then by the 2d 
prop. of the 3d book of Euclid, the straight line CE 
is entirely within the circle; and consequently the an- 
ele OCB formed by the radius and the circumference, 
cannot be less than the rectilineal angle OCK. But 
as the tangent CT is entirely without the circle, the 
same angle OCB cannot be greater than the rectilineal 
angle OCT. Hence then ifthe point E be taken any 
where on the circumference of the circle, the follow- 
ing conclusion is universally true, viz. Zhe angle OCB 
Sormed by the radius and the circumference is neither 
ess than the rectilineal angle OCE, nor greater than the 
rectilineal angle OCT. Again, by the 32d prop. of 
the 3d book of Euclid, the rectilineal angle ECT is 
equal to the angle EAC in the alternate segment. Im- 
agine, now, the point E to move along the circumfer- 
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( 7 ) 


ence of the circle towards C, then will the angle EAC, 
h © during that motion, continually decrease. And be- 
d | cause the angle ECT is always equal to the angle 
EAC, the angle ECT must also continually decrease ; 
and consequently the straight line CE must revolve 
about the point C and continually approximate nearer 
to CT, during the motion of the point E towards C. 
But when the point E actually arrives at C, the straight 
line AE will coincide with AC, and the angles EAC 
and ECT will become nothing : the straight line EC 
will then coincide with CT, and the rectilineal angle 
OCE will likewise coincide and become equal to the 
angle OCT. Therefore, since OCT is a right angle 
by construction, OCE is also a right angle when the 
point Earrives atC. Hence then it must follow from 
the general. conclusion above drawn, that the angle 
OCB formed by the radius and circumference of the : 
circle ; isneither less nor greater than a right angle : 
and therefore the radius of a circle intersects the cir- : 
cumference at rightangles. Q. E. D. | 
| 
| 
| 



































tv 


ConroLLary. 


“ An angle is the imclination of two lines to one 
“ another, that meet together but are not in the same 
“ direction.” But by this proposition the line form- 
} 


-- o= ew 


ing the circular arc meets its tangent in the same di- 
rection ; and consequently the circular arc makes no 
angle with its tangent. Here then: we see that two | 
lines may meet together without forming an angle ; | 
and that the modern mysteries concerning the infinite 
divisibility of the angle of contact between a circular 
arc and its tangent, have all originated in the suppos- 
ed existence of a thing which in reality docs not and | 
cannot exist. 


= avr Fy eS 


ScHOLIUM. 


_ & By the help of this proposition it may be easily prov- 
ed that the meridian circles on the globular earth in- 
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tersect the parallels of latitude at right angles, and con- 
sequently that a ship steered either due cast or west 
must sail on a parallel of latitude. 


Leta hemisphere of the earth be projected stereo- 
graphically on the plane of the equatorial circle ABCD. 
Then it is well known 
that the pole will be C 
projected into P the 
centre of the equator 
or primitive circle AB 
CD —that the merid- 
ian circles will be rep- 
resented by straight D 
lines PA, PB, PC, PD, 
&c. which are radii to 
the primitive—and that 
the parallels of latitude 
will be projected into A 
smaller circles concen- 
tric with or parallel to this primitive circle. There- 
fore since P is the centre of every parallel of latitude 
on the plane of projection, the straight lines PA, PB, 
PC, PD, &c. here representing the meridians, must 
intersect at right angles every civcle which represents 
a parallel of latitude: this evidently follows from the 
preceding proposition. But it is demonstrated in the 
fourth proposition of the learned Mr. Emerson’s Ste- 
reographic projection of the sphere, that “ the angle 
“ made by two circles on the surface of the sphere, 1s 
“ equal to that made’ by their representatives upon the 
“ plane of projection” ; and therefore as it has already 
been shewn that on the plane of projection the repre- 
sentative of any meridian cuts the representative of any 
parallel of latitude at right angles, it follows that on 
the surface of the spherical earth every meridian in- 
tersects every parallel of latitude at right angles. And 
hence a ship steered either due east or west, must sail 
on a parallel of latitude. It will be recollected that 
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John Fraser, a teacier of navigation in Newport, 
Rhode-Island, and anc. er person under the signature 
Loxodromicus, lave in the public newspapers lately 
made various atiempts to persuade the people of tlese 
states, “ that a ship steering a due east or west course 
“ does not sail on a parallel of latitude, but on a cer- 
“tain spiral line we ich would -ultimately carry. her 
“ to the equator” : ‘They might just as well have said 
that a due east or west course will carry a ship to the 
moon. 


ARTICLE IV. 
NEW QUESTIONS, to be answered in the next number. 
I. Question, by William Scott, A. M. New-York. 


Ir is required to establish a general rule for finding 
in the shortest manner possible, how much New-York 
currency is equal to any given sum of sterling money, 
suppose 657/, 18s. 9d. 


It. Quest. by W. Scott, 4. M. 

It is required to establish a general rule for finding 
in the shortest manner possible, how much sterling 
money is equal to any given sum of New-York cur- 
rency, suppose 976/, 10s. 8d. 


III. Quest. by John Boyd, of New-York. 

My age in years is a number consisting of two digits, 
+. of this number is a mean proportional between these 
two digits, and two years hence, my age will bea 
third proportional to the sdme two digits, directly as 
they stand in my present age 5 ; How long will it be be- 
iove 1 am sixty years old ? 


IV. Quest. by R. Tagart, New-York. 

In baking a hemispherical loaf of bread of 10 in- 
ches radius, the crust was every where of an equal 
thickness, an‘ the solidity of the crust was equal to 
half the solid content of the whole loaf; What were 
the dimensions of the interior soft part ? 
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V. Quest. by Diarius Yankee, Bunker’s-Hill. 


A wretch, who spurn’d the virtuous path below, 
To heaven above by other means would go: 

He by mechanic art a ladder rais’d, 

Its height the vulgar 2 — the learn’d amaz’d. 
Thus Jacob did, said he, and why not I 

Scale heaven as well as he ? at least I’ll try. 

He mounts his ladder, rapidly ascends, 

And bids adieu to all terrestrial friends. -~= 
Now wrapp’d in clouds unpierc’d by human eyes--- 
And now environ’d with the azure skies --- 

But now a ball red-hot he lets fall down, 

Which fires a cannon at the base, whose sound 
Ascends his ear, in thrice the length of time 
The ball was falling from this heigt.: sublime. 
Ye sages tell if he to heaven has got, 

Or how far sozring from this earthly spot ? 


VI. Quest. éy Walter Folger, jun. Nantucket. 


A gentleman has bought a rectangular piece of land 
whose perimeter is to be 100 rods ; ; and he is to pay 
1 dollar for each rod in the length of the land, and 3 dol- 
lars for each rod in the breadth. It is required to deter- 
mine the length and breadth so that the quantity of land 
may be had at the cheapest rate possible 


VII. Prize Quest. dy George Baron, New-York. 


In surveying a fieid in the form of an oblique angled 
rectilineal triangle, the first or least side measured 24 
chains, the eaund or next greater side measured 
37°44 chains ; on the third or greatest side grew two 
large hemlock trees whose distance asunder was 16°80 
chains; astraight line drawn from the obtuse angle 
to the. tree nearest the first side, was perpendicular. to 
the second side, and another straight line drawn from 
the same angle tothe other tree, was pe rpendicular to 
the first side. Required the third side, the distance ef 


each tree from the obtuse angle, and the area of the 
field. 


ARTICLE V. 


ANSWERS to the Questions proposed in Article IV. 


I, Quest. answered by Wm. Green, New-York. 


SINCE 9 sterling sixpences are equal to a dollar, 
or 16 sixpences New-York currency ; it is evident 
that 9 is to 16 as any sum of sterling money is to ils 
equivalent in New-York currency. 

Hence 9: 16 :: 657/, 18s. 9d. : the sum requi- 
red, and 18 : 16 :: 1315/. 17s. 6d. : the sum requi- 
red (by art. 1. § 17. Math. Corr.). Here 3 of the fitst 
term subtracted from the first, leaves a remainder 
equal to the second ; and consequently } of the third 
term subtracted from the third will leave a remainder 
equal to the fourth (by art. 1.§ 9. Math. Corr.). The 
general rule in question is therefore as follows : 
Multifily any sum of sterling money by 2, and 4 of tie 
frroduct, subtracted from the frroduct, leaves the New- 
York currency required. Hence, 

& 0d 

657 18 9 sterling. 





9)1315 
146 


Answer 1169 1: New-York currency. 





II. Quest. answered by Samuel Moor, N. York. 


From the reasons advanced in the preceding solu- 
tion, we have 16: 9:: 976/. 10s. 8d. the sum re- 
quired, and 16 : 18 :: 976/. 10s. 8¢.: twice the sum 
required (by art. 1. cor. to § 17. Math. Corr.) But 
here 4 of the first term added to the first, is equal to 
the second ; and of consequence < of the third term, 
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added to the third will be equal to the fourth (by art. 
1. § 8. Math. Corr.). The following is therefore the 
general rule sought, viz. The eighth fart of any sum 
of New-York currency, added to that sum, is equal to 


iwice the sterling money required. Hence, 
l. & d. 

8)976 10 8 New-York currency. 
122 14 





2)1098 12 0 
Answer 549 6 O sterling. 





Ill. Quest. answered by William Lenhart, York-Town, 
Pennsylvania. 


Let x = the digit in the ten’s place, and ry? = 
the digit in the unit’s, then it is evident from the ques- 
tion that y is greater than 1 but notgreater than 3, and 
that 10x + xy* = the age of the proposer. By the 
second condition of the quest. 7zy = 10x + -zy?, or 
Ty —y* = 10, and each side of this equation sub- 


49 49 
tracted from = leaves oe 7y + y* = ¢ the square 


roots of which (since y is not greater than 3) give 
i—y == 4, whence y==2. The twodigits originally 
expressed by x and xy”, will now become xzand 42 
and the age of the proposer 102 + ay? willbe = 
l4x. Again by the third condition of the quest. x: 
4x3: 42: l6x = 14x + 2, and hence x = 1, 
xy? == 4, and }4 years is the age of our young ma- 
thematical friend, who, in 46 years will attain the age 
of 60. 


The same answered by R, Tagart, N. York. 


Put 2 = the proposer’s age, y = the digit in the 
ten’s place and 2 — 10y will be the digit in the place 
of unitse ‘Then by the second condition of the quest. 


4 -— 
vee 7 Sx 10¥ XK y, or x? = 49xy — 490y?. 





Further, by the third condition of the quest. y : « — 


x* — 2xry + 100y? b 
1O0y :: F— 10y: = 2 + 2,0r 





Y 2 
ax? = 2Qixry — 100y? + 2y, and this equated with 
the former value of x? gives 49xy — 490y? = 2lay 


195 1 : 
— 100y? + 2y, whence x = caLes » which by 


the quest. is a wicle number. But since per quest. 


196y s 
y, and of consequence a a0 also whole numbers ; 


196y = 195y-+1 yl 

i4 4. £- 
a whole number or 0, which being assumed =f 
gives y = 14f+ 1. Here it is evident that the digit 
y has but one possible value, that # must be = 0, and 
195y 1 
that y = 1 ; and hence x = its = 14 years, 
the age of Mr. Boyd, and 60 — 14 = 46 years the 
time required. 


therefore 





must either be 


IV. Quest. answered by Robert Adrain, York-Zown, 
Pennsylvania. 

Let ABC represent the hemispherical loaf, of which 
O is the centre ; then it B 
is evident from the ques- 
tion that DEF, the inte- 
rior soft part, is the seg- 
ment of a sphere (DE- 
FI)concentric with ABC 
the given hemisphere. 
Put AO = OC=r= 
10 the given radius, c = 
3°1416, and 2 = EI the 
diameter of the interior 
sphere DEFI, then is GI 
= OH =r and GE=x—r the height of the 
spherical segment DEF. Now by measuretion the 
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solid content of this segment is a —r X 2+ 2r x Se 
and the solid content of ABC the giv en hemisphere 





is 2cr3. Therefore by the FROMION om ¢ x x+2r xle 
= “key 3, which reduced gives x? = $r*: and hence 
x =r /3 = 10/3 = 17°3205 inches = EI and 
xr—r= 10x (./5— 1) =7°3205 inches = GE, 
the dimensions required. 


The same answered by William Thomfpison, Charleston, 
Scuth-Carolina. 

Put OA = OB = r = 10 the radius of the hem- 
ispherical loaf ABC, c = 3°14 and x = OG = 
BE the thickness of the crust; then will r— 2 = 
OE the radius of the sphere DEFI of which DEF the 
interior soft part of the loaf is evidently a segment ; 
r-— 2x = GE the height of this segment and 
2 /r? —2rx = DF the diameter of its base. Fur- 

2 
ther, by mensuration r—2x2 X 2r—2x X jc = soli- 
dity of the same segment and $cr3 = solid content 
of the hemispherical loaf ABC: and therefore by 
2 





the question r— 2c X 2r—xz=r}, or $F} —$rix 
+ Sra*— 2x3 = i3. Now $r3} — 32x added to > 
each side of this equation gives r3} — 3r*z + 3rx? 

2 





mm 3 ce 373 — 327, or. ree KTS erar— 
x ir’. Hence r—x = dr ./2 = 54/3 = 8°660254 
inches = =OF, «© =r X (Il — F738) = 1339746 
the thickness of the crust, r— 2x = 7°320508 = 
GE the | the height of the interior soft segment and 
2./r* —2rxe = 1711197 = DE the diameter of the 
base of the same segment. 


V. Quest. answered by James Temple, New-York. 

It is well known that a heavy body falling from a 
state of rest, descends in the first second of time, - 
through a space s = 16,', feet; and that sound moves 
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with the uniform velocity v = 1142 feet per second. 


. zx ll 
Put x = the height required, then > = time of the 
: a* 
sounds ascent, and therefore by the question = 


square of the time of the ball’s descent. Now since 
the spaces described by falling bodies are as the squares 


of the times of falling, we have s : x :: 


»2 


9 
and hence x = —— = 729791 feet = 138-218 Enz- 
- | 


lish miles the height required. 


VI. QuEstT. answered by John Smithis, Philadelphia. 
The land will be had at the cheapest rate possible 
when the sum paid for any given quantity is a mini- 
mum. Put # = 50 rods = half the given perimiter, 
and x = the breadth of the rectangle; then will 
fi —x = length, fx — x* = the area, f+ 2x = val- 
fit Ix 
fix— x* 
rod, = a minimum, the fluxion of which equated 
Ww - 0 and reduced gives x? + fx = 7f*. Whence 
= ih X(/S— 1) = 18°S0127, the breadth and 
ji —: x = 31°69873 the length required. , 


ue of the land, and = the price of asquare 


The same answered by the Propioser. 

When the quantity purchased for a given sum of 
meney is a maximum the land will be had at the 
cheapest rate possible. (Here this ingenious gentle- 
man makes the same substitution as in the fireceding s- 
jx — x* 
fi t+ 2x 
tity purchased for one dollar = a maximum; from 
the fluxion of which reduced, we have 2* + fx = 
$f*. Hence # =-18°30127 and R— x = 31.69873 
the length and breadth required. 

2c 


lution, and froceeds.) Therefore 
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VII. or Prize Quest. answered by Robert Adrain, 
York-Town, Pennsylvania. 


Metnop 1. Let ABC. represent the triangular 
field, AB and BC the giv- AG 
en sides, E and D the pla- 
ces of the trees, so that 
ABD and EBC may be 
right angles, and ED the 
given distance of the two —_ > 
trees. Instead of the 4 & P UD - 
numbers given in the question it will here be more 
convenient to take the least integers in the same ra- 
tio, viz. 50, 78 and 35, or 5, 7°8 and 3°5; and after 
obtaining a solution in terms of these numbers, the 
lengths of the unknown lines will be had by propor- 
tion, and consequently the area required wili be easily 
found. This being premised, let AB = 5 =a, BC 
= 7°38 = 6, ED = 3:5 =e and BP =< ; then 





























: BP2 x? BP? 
rU Jb? — x? AP 
2c2 ax? a? 
- Hence —~ —_—— 
Va? — x? 6* —— x? Vat — x? 
, ‘ #* a* 
= ¢, or in numbers + —_—— 
60°84 — a? V25 — x? 


= 5°5. Here it is easy to perceive that x = 3, and 
therefore by proportion 5 : 24 :: 3 : 14°4 = theabso- 
lute length of the perpendicular BP ; consequently 
the base or thirdside AC = 5376, BE and BD the 
distances of the two trees from the obtuse angle 
B are’ 15°6 and 18 respectively, and the area of the 
field = 387-072 square chains. 


CoROLLARY. 


The sides AB, AP and BP are as 5, 4 and 3 
and the sides BC, PC and BP are as 13, 12 and 5. 
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This discovers the curious artifice used in the compo- 
sition of this elegant problem. 





Mertuop 2. Let AB, BC and ED be denoted by 




















a, band c respectively, algilet 57 +. a?-= m, 6? — ar 
= nandthe base AC = x ; then by the common 
2 
theorems of geometry we have CP = ma = o and 
= 
i ae : 
AP = 7 likewise BP? = AB* — AP? = 
2 
4a®> x —— 7* — 7 2 
, * EP ew aoe 
4.x? CP 
————— 
4a? aD ee a alee . 2 
i, S. end DP eee = 
2x X x* +n AP 


eis eee 
a hn: “.. But EP + DP = ED, or 


27 X a*—n 





daz x? = pe ng _ 4a* z* Ra mg 
cnn i as = ¢, 
Qe X xa* +n 2x X 2* — am 
and this equation by an easy reduction becomes 
xi + ex+—2mx3 + n*xr —en* =0: which by 
assuming a == 50, 6 = 78 ande = 35 gives x5 + 
S524 — 17168 x3 + 12845056 x — 449576960 = 0. 
Hence by any of the common methods, we find x 
= 112, and therefore by proportion 50: 24:: 112: 53°76 
the absolute length of the base AC, from which the 
other parts of the question are easily found. 





The same, answered by the pfrrofoser, G. Baron, N.Y. 


Let ABC represent the field and D and E the two 
hemlock trees. Produce AB and CB toG and F, 
draw CG perpendicular to AG and AF perpendicular 
toCF. Put AB =a = 24, BC =d = 37°44, DE 
= d=16°8, CG = x and BG = y. Then by similar 








triangles BC : CG :: AB: AF = — and BC : BG 


ay 


: AB: BF = oe te Again by similar triangles 


AG:GC:: AB: BD = and CF: AF :: 
a y 


abzx 





CB: BE = ji And since by the question 


a 
GBD and CBE ate Vie angles, the angle EBD = 
supplement of ABC ; of consequence the natural sine 
of EBD = natural sine of ABC, and therefore by 
mensuration, the area of the triangle EBD : area of 
ABC : BD x BE: BC x BA:: ED: AC = 
a+ty X 6* + ay 
ax* 
AB x CG ax > : 
5 a aren of ABC. ~Now since 
the trian¢le AGC is right-angled at G we have AC = 
VAG* + GC? = Va? + Qay + y? + 2%, which 
equated with the former value of AC gives 
ab* + a*. + 6* Ky + ay? :, 
ax* 
Further by right angled triangles 2* = 4* — y?’- 
From these two equations we have 
ab® +a*+ 6*> x y+ ay? 
ab* —— ay? 
Hence by reduction, and a resteration of the values 


of the known quantities we obtain an equation from 
which y is easily found = 19-008 exactly ; therefore 


z= Sb? — y? aaa x b——y = $2°256, a 
a+y 


2 
= 15°56 = BE, /aty +2’ 








xX d. Again by mensuration 














Xd = Va? 2ayty*+2* 








x d = Ha* + 67 + uy. 

















abx 
6? + ay 
ax pile 
== 53°76 = AC the base, and —— = 387°072 square 


lad 


= BD = 18 
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chains == 38 acres 2 roods and 33-152 poles the area, 
of the fieid. 
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William Green, New-York, - 4, 3, & 7. 
John Johnson, Essex, Vermont, 1, 2) & 7. 
William Lenhart, York-Town, Penn. 3> 4 & 7. 
Samuel Moor, New-York, - 1,2; 3 & §. 
John Smithis, Philadel phia, 3, 2, 3) 4 5, © & 7. 
Richard Tagart, New-York, 1, 2, 3: 4> 59 6 & 7. 
James Temple, do. 1, 2, 3> 4) 5 6 & 7. 
William Thompson, Gastenen, S.C. 1, 2, 3, 4. 5» 6 & 7. 
Joseph M. White, Danbury, Conn. ‘ 7: 
Ebenezer R. White, do. I, 2, 3, 5 & 7. 
Diarius Yankee, Bunker’s-Hill, 1, 2, 35 4 5, 6 & 7. 
Titus Youle,. Portland, Dist. Maine 1, 2, & 5. 
Noah Young, near Lexington, Ken. 1, 2, 3> as 5: 6 & 7. 






The firize Medal has been determined to Robert A- 
drain, York-Jown, Pennsylvania. 














N. B. We are sorry that the nature of this work, has com- 
pelled us to acknowledge many excellent solutions, which oth- 
erwise would have been published at full length. It will al- 
ways be our particular study to display the talents of our ingen- 
ious correspondents, according to their respective merits: those 
therefore who have been unavoidably neglected in their first at- 
tempt, may depend on being remembered in their next, as far 
as is consistent with the general plan and credit of our work. 
As no person who is an editor of this work can receive a 
prize medal, the merits of the different editors, are not to be 
considered in awarding the prizes. 
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ARTICLE I. continued from page 15. 


§ 21. In the Rule of Proportion, the conditions of 
the question, and the natuggof proportional numbers, 
must shew that the answer Tequired, is a fourth pro- 
portional to three numbers which are given in the 
question. 

Stating the question, is the artof placing the three 
given numbers in such an order, that the first may 
be to the second, as the third is to the answer ; this 
is done by the following 


GENERAL RULE. 


Write that number for the third term, which is of 
the same kind with the answer or number sought. 
Consider from the nature of the question whether this 
third term is greater or less than the answer; and if 
greater write the greater of the othertwo given num- 
bers for the first term and the less for the second ; 
but if less write the less for the first term and the 
greater for the second, and the question is stated.* 


To find the answer or fourth term, 


GENERAL RULE. 


Case 1. If the first term be a multiple or a 
part of the second, the third will accordingly be 
alike multiple, or a like part of the fourth; and 
the answer wiil be found by division or by multipli- 
cation. 


Case 2. If when a part of the first term is added 
to or subtracted from the first, the sum or the re- 
mainder be equal to the second, — a multiple-of the 
second, — or a part of the second ; then accordingly 
alike part of the third term being added to or sub- 


* The truth of this rule is demonstrated in Art,1, 4 7, of che Mathes 
matical Cerrespondent, 








tracted from the third, the sum or the remainder 
will be equal to the fourth term, — a like multiple of 
the fourth, — ora like part of the fourth. Hence 
the answer will be known or readily found by case 1, 
of this rule. : 


Case 3. In other cases reduce the first and second 
terms tothe same denomination and consider them 
as pure numbers ; then the product of the second and 
third terms divided by the first, gives the answer in 
the denomination of the third term. 


REMARK. 

In the 2d and 3d cases of this rule, the operatians 
will frequently be rendered much shorter, by using 
like multiples or like parts of the first and second, or 
of the first and third terms instead of the terms them- 
selves.* . 


PracricaL Quesfvions. 


1. Bought 63 yards of cloth for 143/. 6s. 6d. how 
much naust be paid for 9 yards of the same cloth ? 
yds. yds. l. 8 de 
63 : 9 3: 143 6 6 


7)143 6 6 
20 9 6. Answer. 

In this question it is evident that 1 yard is a part 
of 9 yards, and that the price of one yard isa like 
part of the price of 9 yards ; also that 63 yards are 
a multiple of 1 yard, and that the price of 63 yards 
isa like multiple of the price of } yard. Hence (by 
art. 1. § 6 case 3 Math. Corr.) a fourth proportional 
to the three given numbers is here required: and 
consequently this and all similar questions belong to 


* The first case of this rule depends on Art.1. § 6 case 1 and 2 M. Corr. 

The second case is deduced from Art.1. sections 8,9, 10, #1, 12 and 43 
Math. Corr. 

The third case is founded on Art. 1. § 19 Math. Corr. 

The remark is drawn from Art, {, sections 15,16, 17 and 18 M. Corr, 














the Rule of Proportion. Those who are desirous of 
acquiring a rational knowledge of this rule, ought, 
before they attempt the solution of a question, thus 
to demonstrate to the satisfaction of their own minds, 
that such a question actually belongs to the rule. 

In stating this question, it is easily perceived that 
the answer required is money ; and therefore the 
given sum of money is here written for the third 
term. Again, it is evident, that this third term be- 
ing the price of 63 yards, is greater than the answer 
or price of 9 yards; consequently 63 the greater of 
the othertwo given numbers is written for the first 
term, and the less 9 for the second : and hence the 
question is stated according to our general rule. 

In finding the answer, since the first term 63 is a 
multiple of the second 9, of consequence the third 
term is a like multiple of the fourth ; therefore the 
third term multiplied by 7 gives the answer as above. 


2. If 13 bushels of corn cost 12 doll. 75 cents, 


how much monty will purchase 65 bushels at the 


same rate ? 


b, b, dls. Ct8. 
ti i aa. 12 57 
5 


62 85 answer. 
3S. When the interest of a certain sum of money 
for 60 days is 85 dolls. 32 cts. what is the interest of 
the same sum for 75 days ? 
D. D. D.C. 


60 3: 75 3 835.393 D. C. 
5; Of 60 = 15 21 33 = i of 85 32 
75 106 65 answer. 


Here a part of the first term added to the first is 
equal to the second, and therefore a like part of the 
third term added to the third gives the answer. 





© 


é 
t 
é 
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4 When I can purchase 24 yards of linen for 
6/, 13s. 4d, how much ought I to pay for 21 yards 
of the same ? 

yds. yds. 1 & d. 
o's 38 sc 9 19-4 l. s. d. 
$ 1 42=t0f9 13 4 
8 9 2 -answer. 

The question being stated according to the rule, it 
is easy to see that a part of the first term subtracted 
from the first, leaves a remainder equal to the second ; 
and consequently a like part of the third term sub- 
tracted from the third leaves the answer. 


5. I have 45cws. of sugar, the value of which is 


£64; what quantity of this sugar must I give to dis-: 


charge a debt of £12? 


- a ‘. C. Q. lbs. 
64 : 12 3: 450 O 
1 of 64 = 8 5 2 14=4 of 45cwt. 


72 6)50 2 14 
8 1 21 answer. 


Since a part of the first term, added to the first, is 
a multiple of the second ; a like part of the third 
term, added to the third, is a like cee of the 
answer. 

6. Bought 48 tons of logwood for 5960 dollars, how 
much.money would have purchased 7 tons of the 
same? 

T. 7. Dolls. 
48 : 7 :: S960 __ 

;of48 = 6 495 = +4 of 3960 dolls. 
42 6)3465 


577 50 cts. answer. 
D 


ect: 


a ae ee 














fd See 


esc Set 
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7. How much must be paid for 112/4s. of cloves, 
when 12 /bs. may be bought for 9 dolls. 93 cts. 
lbs. lds. dolls. cts. 





| 38.3: 112 3s $03 
4o0f 12 = 4 $ 31 = of 9 dis. 98 cts. 
16 13 24 . 
- vi : 


92 68 answer. 


8. 1f 9 Ibs. of butter cost 12s. how many pounds can 
I have for 24. 16:2. 





Se & om lds. 
as :s Bae a 9 
yok 12=— 4 S = 5 Of 9 dbs, 
8 6 
7 
42 lds. answer. 


9. If 15 men can perform a piece of work, in 8 
days ; how many men must be employed to do the 
same piece of work, in 6 days ! 

Men. 
63 Se 
2 5 = 4 0f 15 men. 





20 answer. 


es 


As this is affiarently of a nature, different from 
that of the eight preceding questions, and as the au 
thors of the books of arithmetic used in the Ameti- 
can schools appear to have been entirely ignorant of 
the real nature of such questions, I am particularly 
anxious that the inquisitive reader may form a clear 
understanding of the following remark. 

It is evident from the question that 15 men can do 
six times this work in 8 x 6 or 48 days; and thai 
the number of men required, must do eight times 
the same work in 6 x 8, or 48 days. Hence then 


the 
fe 
ber 


fes 
rel 


st 


th 
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the question amounts to this : Jf 15 men be cafiadle f 
performing a piece of work 6 times in a certain num- 
ber of days, how many men can do that piece of work 
8 times in the same number of days ? Itis now mani- 
fest that this and all other similar questions are thco- 
retically of the same nature with those already an- 
swered in this article ; and may therefore be stated 
and resolved according to our general rules. After 
the true theory of the resolutions of such questions, 
has thus been established in the mind of the learner ; 
he will readily perceive that the same questions, 
when taken in a literal sense, may always be truly 
stated by the general rule. For in the present ques- 
tion, the number required is men ; and therefore the 
given number 15 men is here written for the third 
term. Again, since a less number of men could do 
the work in 8 days, than in 6 ; this third term is less 
than the answer, and consequently the less of the 
other two given numbers 6, is written for the first 
term, and the greater 8, for the second: hence the 
question is rightly stated. 

What is here remarked, is equally applicable to 
the two next succeeding questions, and to others of 
a similar import. 


10 By travelling 16 hours a day I performed a cer- 
tain journey in 28 days ; how long would I have been 


on the same journey had I travelled but 7 hours a 
day ? 


Days. 
7 3: 36. 3 28 : 
1 : 16 3: 4 (byart. 1. § 18, Math. Corr.) 
4 


64 days answer. 


1: How many pounds of bacon at 8 cents a pound 
must be given for 342 Jbs. of English cheese at 28 
cents per pound ? 
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lbs. 

8 : 38 «2s .348 
4 : 28 3:3 -I171 
7 


1197 dds. answer. 


12 How much must be paid for 8cwrs. 3 grs. 25lbs. 
of pig-iron, at the rate of 28 dollars per ton ? 





Cc. C. gr.ld. dolls. 
20 ;. 8835  .38 
112 4 
£240 35 
28 
305 
70 
320 : 1005 $3 4 
80 : 1005 33 1 
8,0) 100,5 


| }2 dolls. 5d. 6c. om. 51.Me Or, 
i2 dollars, 5 dimes, 6 cents, 2 mills, and 5 of the 
: tenth parts of a mill; the answer in federal money. 


13. Hew much must I pay for 219 days’ board, at 
the rate of 200/, 158. 10d. a year ? 
2d). D. 2 @ de 
965 : 219 3:3: 200 15 10 
7 ; 219 3: 40 $ 32 
3 
£'20 9 6 ans. 


ao 


- 





14- If my board for 219 days cost £120 9 6, how 
long can I be boarded for £200 15 10, at the same & 
rate ! 

l. 3 ad. I & @e dD. 

120 96 : 200 15 10 3: 219 

4032 : 200 15 10 3: S 
: 5 








365 days, answer. 








15 The carriage of 52 cwts. 2 grs. 18 lbs. for 120 
miles, cost me £15 12; how far can I have 43 ews. 
5 grs. 15 dbs. carried for the same money? 

c.gr. 1d. c.gr.lb. M. 

43315 =: $322 18 :: 130 

$3: 3 3.69.21 oe: (Oe 

6 


144 miles, answer. 
16. If lcwt. of sugar cost £6 17, what must I pay 
for 13 cwts. 3 grs. 14 dbs. of the same ? 
C. c. gr. lb. l. & 
1s 313.3 14 -3:°8 
4 20 
55 137 
28 
454 
110 
1554 
222 
lil 33 1$7 shillings, 
111 


137 
1507 
$)15207 
2,0)190,0 1042. 
£95 0 10} answer. 
INVENTION OF GENERAL RULES. 





17. How much federal money is equal to any given 
number of crowns : suppose 498 ? 
dolls.* 
10 : ll 3: 498 cts. 


vs Of 10 = 1 49 80 = ,', of 498. 


1 $547 80 


* It is evident from the nature ef this question, that the answer must 
be a fourth proportional to to, 11 and 49% dolls. and hence the numbers 
are stated in this order. For similar instances, see the following questions. 


D2 











: 
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General Rule. The given number of crowns, con- 
sidered as dollars, and increased by .7, of itself, gives 
the federal money required. : 


18 It is required to find how much New-England 
currency is equal to any given sum of sterling money : 
suppose £678 8 6? 


Here since 9 sterling sixpences = 1 dollar = 12 
sixpences N. England currency ; 
1 & d. 
9: 12::678 8 6 
3 226 2 10 = of £678 8 6. 
12 904 11 4 N. Eng.curr. ans. 








General Rule. Any sum of sterling money, in- 


creased by 4 of itself, gives the New-England cur- 
rency required. 


Corotzary 1. This rule will also serve to reduce 
New-England currency to that of New-York. 


Coro.tLtary 2. Hence 5 of any sum of New-Eng- 
land currency, subtracted from that sum, leaves the 
value of the same sum, in sterling money. And ex- 
actly in the same manner, may any sum of New- 
York currency be reduced to its equivalent in the cur- 
vency of New-England. Thus, 








d. Se d. A Se d. 

4)904 11 4 N.Eng. 4)5616 18 8 N.York. 
226 2 16 1404 48 
678 8 6 sterling. 4212 140 N. Eng. 


N. B. The method of reducing sterling money to 
New-York currency, and the reverse ; has already 
been shewn in page 21 and 22, Math. Corr. Ques- 
tions concerning the reductions of other currencies, 
in the United States, &c. will hereafter be proposed 


in this work, and answered by some of our contrib- 
utors- 


19 What is the tare on a certain number of boxes’ 
of sugar, weighing 1 in all 55 cwts. 2grs. 19 lbs. at 15 
per cent ? 


Ce gt lb. 
100 : 15 3 55 2 19 
20 : 15 3 %4110 15 
23 3 
8 1 115 answer. 


General Rule. Divide the gross weight by 5 ; and 
3 of the quotient, subtracted from the quotient leaves 
the tare at 15 per cent. 


Otherwise, 
c. gr. lb. 
100 : 15 3: 55 2 19 
X of 100 = 50 27S 9 8 oz 
150 10)83 2 08 


8 1 11 4 answer. 








General Rule. The gross weight increased by 3 of 
itself gives 10 times the tare, at 15 per cent. 


20 I import a certain article from England which 
I sell at the rate of 75 per cent. advance on the in- 
voice ; how much in New-York currency ought I to 
receive for a quantity of this article, invoiced at 
£758 15 6 sterling ? 

Here it is to be observed that £9 sterling is equal 
to £16 New-York currency ; and that ‘16 at 75 per 
cent. advance amounts to 28. 

lI. & de 

Hence 9 : 28 :: 758 15 6 

27 : 28 3: 2276 66 

v7 of 27 orf of 9 = 1 84 6 2 
28 2560 12 8 answ. | 
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General Rule. Multiply the invoice sum of ster- 
ling money by 3, and this product increased by ¢ of 
the same invoice sum, gives the New-York currency 
required. 


21. The invoice of acertain quantity of goods a- 
mounted to £948 18 sterling, and I have sold the 
same goods at the rate of 50 per cent. advance on 
the invoice; what is their amount in New-York 
money ? 


Z. Se 

S ss 24 948 if 
ws 3: B34. 007 16 
632 12 

£2530 8 


General Rule. Multiply the given invoice in ster- 
ling money by 2, and this product increased by 4 of 
tself, is the New-York currency required. 


Having now pursued my subject as far as the 
bounds of this work will permit ; I conclude by re- 
questing the diligent reader, to make himself perfect- 
ly master of the elementary principles contained in 
the first 20 sections of this article. For when these 
are well understood, their practical application will be 
easily acquired : and here the learner will find his la- 
bours amply rewarded, in the discovery of thousands 
of simple and elegant rules, of the greatest utility in 
the busy affairs of life. 


I intend in some future number to give a paper on 
the elements of Fractions and Decimals, in which I 
shall have an opportunity of exhibiting a more ex- 
tended application of the elementary principles of 
the Rule of proportion. 

G. BARON. 
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ARTICLE VI. 
A PROBLEM, dy James Temple, New-York. 


To determine in what cases it is possible to cut a 
given rectangle ABCD into two parts, which being 
joined together, in a certain manner, shall form a 
square, equal to that rectangle. 


By the 14th prop. of the 2d book of Euclid, make 
the square EFGD = E F 
ABCD the given rectan- 43 
gle; then the rectangle , | MO. S$ 
EH is evidently equal to L 
the rectangle HC: and g j= me 
by the 14th prop. of the - 

7 





s 











6th book of Euclid, AH n : 
(or DG): HB (or GC)’ |> | 
:: GH (or AD) : FH (or G 
AE). But from the nature 

of proportional quantities, if DG be a multiple of 
GC; AD will be a like multiple of AE: and when- 
ever this is the case, the problem may be done in the 
following manner. Divide DG into a certain num- 
ber of equal parts, in the points m, 2, &e. so that each 
part may be equal to GC. Divide AD into the same 
number of equal parts in #, g, &c. and each of these 
parts will be equalto AE. Through m, 2, &c. draw 
ma, ns, &c. parallel to AD ; and through#, g, &c. draw 
fv, gt, &c. parallel to DG. Let the given rectan- 
gle ABCD be cut along the indented line ebcdeG and 
the problemis done. For by construction and hypo- 
thesis, the figure EFedcdaAE is similar, and in every 
respect, equal to the figure aBCGedcéa ; if therefore 
the latter be applied to the former, so that @ may co- 
incide with E, eB with EF, and BC with Fe ; the 
indented line adcdeGC will then coincide with the 
indented line Aabcde : and consequently the given rec- 
tangle ABCD has been cut into two parts which being 

















™m 
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thus joined together, form the square EFGD = the 
same rectangle as was required tobe done. Hence it 
is easy to perceive that when DG is not a multiple of 
GC the problem is impossible. 


—2 + oe 


ARTICLE VII. 
NEW QUESTIONS to be answered in the next number. 


I. Quest. 8. by J. B. Brewer, Pi 


It is required to establish a general rulg, for find- 
ing in the shortest manner possible, how much Penn- 
sylvania currency, is equal to any given sum of ster- 
ling money : suppose £876 19. 

‘ 
Il. Quest, 9. by A. Picket, New-York, 


I demand a general rule, for finding in the easiest 
manner possible how much sterling money is equal 
to any given sum in Pennsylvania currency : suppose 
£436 15 10. 


III. Quest. 10. by Atel Gray, New-York. 


The commanding officer of a certain post, being 
sick, was informed by a physician, that if five handfuls 
of a certain herb, could be immediately procured, the 
disease might be removed. The officer ordered five 
of his soldiers A, B, C, D and E, to go instantly in 
quest of the herb ; and, as an inducement to return 
as quickly as possible he promised to divide $20 a- 
mongst them in a reciprocal proportion to the num- 
ber of minutes in which cach should present him 
with a handful of the herb. A returned in 5, Bin 7, 
C in 9, Din 11 and E in 12 minutes: what share of 
the $20 has each soldier to receive? 
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IV. Quest. 11. dy Samuel Moor, New-York. 


A certain tract of land, exactly square, is enclosed 
by a three railed fence ; the length of each rail is 15 
feet, and the number of rails in the fence is equal to 
the number of acres enclosed. I demand the area of 
this tract in acres andthe length of its side in feet. 


> 


V. Quest. 12, dy Diarius Yankee, Bunker’s-Hill. 


In the Highlands of Scotland, the head of any 
old ram is but just capable of resisting a blow, the in - 
tensity of which is equal to the momentum acquired 
by a body of 30 pounds weight, in falling freely thro’ 
the height of 20 feet. Now a duel is to be fought 
between two such rams, the one weighing 54, and the 
other 57 pounds, and it is required to find the re- 
spective velocities with which they must meet, so 
that at the first blow, each may beat out the brains of 
the other : both remaining perfectly at rest after that 
blow. ; 


VI. Quest. 13. by John Smithis, Philadelphia. 


A ladder is placed perpendicular to the plane of 
the horizon, and in coincidence with the plane of an 
upright wall. If the base of the ladder be drawn a- 
long the horizontal plane, in a direction perpendicu- 
lar to the plane of the wall, the top of the ladder 
sliding downwards, against the wall ; it is required to 
find the equation of the curve which is the locus of a 
point taken any where on the ladder. 


VIL. Quest. 14. by G. Baron, New-York, 


px ry xz 


Given —— + = ay to find the gen- 





x y 


- 


eral relation of the fluents. _ ad 


J 
-~ 





os 
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VIII. Quest. 15. dy R. Tayari, New-York. 


The difference of latitude of two ports A and B, 
both north of the equator, is 1800 minutes, the me- 
ridional distance of A from B is 652°5, and the me- 
ridional distance of B from A is 413 minutes ; re- 
quired the latitudes and difference of longitude of the 
two ports. 


IX. Quest. 16. by W. Thompson, Charleston, S. C. 


Given r = the radius ofa circle described by a horse 
in turning a machine, anu/ = thelength of the traces, or 
the distance of the horse from that end of the beam 
to which he is yoked ; to find x = the length of the 
same beam, so that the horse may turn the machine 
with the greatest ease possible. 


X. Quest. 17. dy G, Baron, New-York. 


Given r = the radius, v = the versed sine, and s = 
the sine of a circular arc ; to discover a more simple 
theorem than has hitherto been published, for deter- 
mining ¢’== the tangent of half that arc. 


XI. Prize Quest. 18. dy James Temple, New-York. 


In lat. 40 deg. 40 min. N. I observed a transit of 
the star Arcturus, over the eastward vertical semi- 
circle, which coincided with the plane of an upright 
wall. I afterwards observed a transit of the star An- 
tares over the same vertical semi-circle: when, I 
found by my watch, which kept good solar time, that 
15 min. 45 sec. had-elapsed between these two transits. 
The right ascension of Arcturus was then 14h. 6m, 
44 sec. and declination 20 deg. 12 min. 19sec. N. 
the right ascension of Antares 16h. 17 m. 26 sec. and 
declination 25 deg. 59 min. Ol sec. S. Required the 
azimuth and declination of the wall. 





ARTICLE VIII. 
ANSWERS to the Questions proposed in Article VII. 


1]. QuEstT. 8. answered by the firofioser J. B. Brewer 
New-York. 


BECAUSE 9 sterling sixpences are equal to 15 
sixpences, in Pennsylvania currency ; we have, 


9 : 15,0r 3 : 5 2: 8762. 19s. : sum required 
5 





3)4384 15 





14612. Illes. Sd. answer. 


General Rule. Multiply any sum of sterling 
money by 5; and one third of the protluct, gives 
the Pennsylvania currency required. 


OTHERWISF- 


d. Se 
:: 876 19 : sum sought. 
292 64d = 4 of 876/. 198 
= 292 64 =ditto 





l 1461 11 8 answer. 


General Rule. Any sum of sterling money in- 
creased by 2 of itself, gives the Pennsylvania cur- 
rency required. 


No. 3. 


= rn ieee tee. 








I]. Quest. 2. answered by Alexander Walsh, Aew- 
York. 


d. & ad 

15 i 9,0or5 3 3 2: 436 15 10: sum required. 
3 

5)1310 07°6 


262 Ol 6 answer; and hence 
the gencral rule is evident. 








OTHERWISE. 
i, 8 d. 
§ : 3 2: 436 15 10: sum sought. 
l 87 7 .2 =ofthe given sum. 


6 2)524 03 O 


vue 








262 01 6° answer. 


General Rule. Any sum of Pennsylvania cur- 
rency, increased by { of itself, gives double the 
sterling money required. 


» 


WY, Quest. 10. answered by Gad Dumboiton, News 
York. 


Since it is known, that, the reciprocals of num- 
hers are reciprocally, as the numbers themselves; 
the required shares must be as }, 3, 1, ¥) and 
fzj or as & X 13860, } x 13860, 2 “%K 15860, 
rrp X 15860, and 54 X 13860; where 13860 is the 
least common multiple of 5, 7, 9, 11 and 12; and 
therefore 2772, 1980, 1540, 1260, andyh155, are - 
the least integers, which are directly as the shares 
sought. But2772 + 1980 + 1540 -+ 1260 + 1153 
= $707; and hence by proporticn, 
































[ yg 
$ Cts, 
(2772) (6 36 £348 = A’s share 

198 1 B | 4547925 = B's 
$707 1540 > 3: 20: 3 53 $329 = C’s 
1260 2 89 3527 = D’s 
1155 2 65 2545 = E's 

Proof 2009 


N. B. This question is of a similar nature, with 
quest. 9, in page 96 of the Columbian Accountant. 
The author, Mr. Shepherd, has answered that 
question, on erroneous principles. His answers are 
H 20°834, F 16-664, and $ 12°50; the true answers 
are 21°2745, 15-9535 and 12°7638 dolls. This is 


but a small specimen of what we “could give, of the . 


numerary talents of Shepherd. 


Bllitur:. 
The same answered, by the profioser, Niel Gray, Wew- 
York. 

Put ¢x = A’s share; then per q. 7 : Le 
Ss as B's, 9:7: Let fee Cy 11 : Pore ni 
Yrt = D’s, and 12 : 11 :: yx : Jo = E’s. 

—_— 9 
operq- (+4 +5+74+ oy) Xo = G2. 


thence x = § 272400, 





83707 
ew dol. cts. 
} x = 6 36 $i43 = A’s share, 
> x= 4 54 troy = B’s, 
= <= 3 $3 $429 = C’s, 
tr = = 2 89 3°27 = D?’s, 
and 7; x = 2 65 $44 = E’s. 


IV. QuEst. 11. answered by the Reve Thos. P 
es Newbern, North Carolina. 


Put « = +, of the number of rails in the fence ; 
then per quest. 152 = the length of the side, in 


gales va 














ae 











feet; and 122 = the areaof the field in acres, = 








15 . , 
i x , by mensuration. Whence x = 
66 
12 x 968 . 
——, 15x = 34848 feet, the length of the 
a 
sidey and 12a == 278784 acres, the area of the 


ea wase® 


Zhe same answered by John Capp, Harrisburg, Penn- 
sylvania. 


Suppose the tract of land to be inclosed by one 





rail; then per quest. , or *S feet the length of 


2 
3 


its side; and by mensuration 7; = the area in 
square feet. Now, since 43560 square feet make 
an acre, we have 2$:43560:: 1 rail : 278784 the 
number of rails in the fence, or the number of 
27878°4x15 


4x3 





acres in the tract; and » == 34848 the 


length of the side in feet. 


Scii C li Udi by the Edito TS. 


We think proper, here, te demonstrate the 
curious propottional theorem, used in this solution, 
by Mr. Capp. Let / = 15 feet, the length of a 
rail, 2 = 3, f = 43560, the square feet in an acre, 
aud a2 = the number of rails in the fence, or the 
number of acres in the tract; then is 4//x 


. 3 [2 (2 
poe Les. 1.3 


= f, OF 








===— : hence én? 


n 6n* 
Oo EL De 
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V. QuEsT. 12. answered, by the frrofoser, Diarius 
Yankee, Bunker’s fill, ,' 





By the known laws of falling bodies, /16rr 
/20:: 321: 44/2895, the velocity acquired by a 
heavy body in falling freely from the “height of 20 
feet. Again from the conditions of the question, 
and the laws of motion, we have 54 X 2 : 30 :: 
5S 2895 2 454./2895 = 9°9639 and 57 X 2: 30 3 
$/2895 :: 42,/2895 = 9°4395. Hence then if 
the heavier ram, running at the rate of 9°4395 feet 
per second, meet the other, running at the rate of 
9*9639 feet per second; they will strike each other, 
with equal momentums, and their heads are but | 
just capable of resisting ‘that blow: if, therefore, 
these velocities, be increased by two indefinitely 
small quantities, which, are respectively as the ve- 
locities themselves, each ram will perform the con- 
ditions of the question. 


VI. Quest. 13. answered by Walter Folger, Jun. 
Nantucket. 


Let HI represent the horizontal plane, WL 
the upright wall, and 
LD the ladder, on W 
which take any point | ®) 
P. Put PL =a, and 
DP =c. Let now 
the ladder be drawn _IP 
‘into the position di; fi Al 
then the point P, will Wa 
in moving from P to /, oe fpr 
describe the curve P/. mas Fi 


Draw /“B perpendicu- ie [ ag 





lar to PL, and AC per- . r 
pendicular to HL: put ' l AC 
PB = 2,and 7B = y; thenis BL or fC = a—x 


n 2 























Bus 


Now by similar triangles fd = PL : fd = DP :: 





il ————_-2 
(Oo: fB; or aici: far —amx: y3 or 
a*® 3 ¢ 2ax — x*:y*; hence a?y* =c” x 








2uc —2* : and therefore by the conic-sections, 
the curve P/#A is an ellipsis, whose axes are PL 


and PD, or PL and AL. 


CoroOLLARYe 


When PL = PD, the curve Pf#A is a circle, 
whose radius is equal to half the length of the 





ladder. For when PL = PD, or when a? = c?; 
a*y> = c* X 2ax — x*, becomes y* = 2ax— x”, 


the known equation of a circle, whose radius is a. 


VII. Quest. 14. answered by the firofoser, G. Baron, 
New York. 


- ; eS ry at, 
rhe given equation, — + — =——, is the 
x y ay" 


second example in art. 262, Simpson’s Fluxions ; 
where that learned author has found the relation of 
the fluents, in a particular case, when 2 = r. 
Some years ago I discovered, that, the general re- 
lation of the same fluents, might be feund, by the 
following method. Assume r:n:: f:d= 
nfl , r ji ’ : 

—— se ae Let now the given equation 
be multiplied by aad4y", and it becomes afy*a¢—' x 
+ araty"'y =2™%4zx; and since a = =, the 

z 





eo Tr 4, l 
uents are —— x*y” = —— ; 
n y m+d+ i 
° . % 
ifno correction be necessary, may be reducedtoy: = 


n l, 
=> © : xm 


gmet"t ; whica 





a naii+mr-+r 





= 
CoROLLARY. 


The first example, in the article above mentioned, 


oe x ° ° . 
—: here Mr. Simpson is evi- 


dently mistaken, in supposing, that, the relation of 
the fluents, can only be found in this way, when 
n=l. For since f = rzil1; we have y = 


n 1 : 
_. . «™*: the general relation of the 


‘an+m+ il 


fluents, when no correction is necessary. 





VIIL. Quest. 15. answered by Robert Adrain, York- 
Town, Pennsylvania. , 


The meridional distances, being as the sines of 


the co-latitudes, we may b 
construct the problem 
as follows. Draw two 
straight lines BA and 
AD, making the angle 
BAD equal to 30°, the 
given difference of the D | Beats A 
co-latitudes. Make BA * 
and AC equal to the 
given mer. distances. Join BC ; then itis evident that 
ABC and BCD = 35° and 65°,are the co-latitudes ; 
or the latitudes required are 55° and 252 hence 
the difference of longitude is easily found = 12°. 
Or thus. The meridional distances, being in- 
versely as the secants of the latitudes, therefore 
make BA and AC equal to the given meridional 
distances, containing the angle BAC = 30°, the 
given difference of latitude. Join BC, on which 
produced, (if necessary,) let fall the perpendicular 
AG; then CAG and BAG = 25° and 55° are the 


latitudes sought and consequently the difference of 
longitude is 12°. 
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CoRvOLLARY. 


If the places lie on different sides of the equator, 
the perpendicular AG, will fail within the triangle 
BAC. 


The same answered by James Temple, New-York. 


Let P be the north pole, A and B the two ports, 
PE and PQ their meridians, AD and 
BC their parallels of latitude, and EQ, 
an arc of the equator, their difference 


of longitude. ‘Then by a well known C B 
theorem, cosine of AE : cosine of CE D 
:: AD: BC; and compoundedly cos. 

of AE + cos. of CE: cos. of AE — E Q 


cos. of CE :: AD + BC = 10635 : AD — BC 
= 239°5 :: (by Trigonometry) cotangent of + ° 
CE — AE (or of 4 AC, or of 15°,) : tangent of 
*+CE + AE, or of 40°. Hence CE = 49° + 
152 = 55°, the latitude of B; and AE = 40° 
— 15° = 25°, the latitude of A. Lastly cosine of 
CE (or of 55°): radius :: BC = 413 : EQ = 
720’ = 12°, the difference of longitude required. 





IX. Quest. 16. azswered by the fircfoscr, W. 
Thompson, Charleston, South Carclina. 


LetCD =CA =r = the 
given radius of the circle de- 
scribed by the horse, CB = x 
= the length of the beam, and 
DB =/ = the length of the 
traces, which may also denote 
the force exerted by the horse 








C meee” ° 


in the direction DB. Draw DE perpendicular to 
CB; then by a property of the triangle, (supposing 
CD greater than DB,) we have CE — EB = 









y? Bh [2 7? ml? 4+ x? 
,and CE = ; consequently 

1 P a 2 
DE = aT OX oar xt r? — l* 4+ 2* . Now ? 



























by a well known mechanical property, and by the 
conditions of the question, CB x DE = 















\ a z 
4 f4r?x? —r?—-/2 4 x2? = a maximum; the 
fluxion of which equated with O gives x = 


=" : 
/r* + /*: and hence CDB isa right angle. 











OTHERWISEs 


Let the figure represent as in the above solution ; 
then by mechanics, the power of the horse, to turn ) 
the machine, is as CB x DE. Hence this power is 
the greatest possible, when the area of the triangle 
CBD isamaximum. Let x = the natural sine of 
the angle CDB; then by mensuration, the area of 
the triangle CDB = CD x DB xj. But CD 
x DB x 4 is a constant quantity, and therefore the 
area of the triangle is a maximum, when 7 is a 
maximum ; which is when CBD is a right angle, 
as before. 



















The same answered by Robert drain, York-Town, 
Pennsylvania. 








Let CH, HB, BC, be the ra- A 
dius, traces, and beam. Draw 
HA at right angles to CH, and 
equal to it; and on HBD, let 
fall the perpendiculars AD and - 
CE. Let AH represent the ab- 
solute force of the horse, in the >> 
direction AH; then by mecha- Hf C 
nics HD is his action on the traces HB ; and again 






















the action of the traces, on the beam at B is as 





HD x CE = HD = CE , which evidently in- 
creases as DH approaches AH ; and is a maximum 
when they coincide ; that is when BHC is a right 


angle: therefore x = /r? + /?. 

Corollary. The effective force of the horse, is 
the same whatever the length of the traces may be, 
when their position is given or constant : for that 
force is as the square of the sine, of the angle CHB. 


X. Ques. 17. answered by R. Tagart, New-York. 


Let BV be the arc, CB = 
CV =r the given radius, B3 
= esthe given sine, and VS 
= v the given versed sine. 
Let the straight line CI’ bi- 
sectthe arc BV in F ; draw BT 
perp. to CB intersecting CF, 
producedin T; then is BT, the C S V 
tangent of halfthe are BV. Join TV which, as is 
well known, will be perpendicular to CV, or parallel 
to the sine BS: through the point T, draw TE par- 
allel to CV intersecting BS in E. Then-in the 
similar triangles CBS and BTE, BS,: BC: : TE 











" rv 
= VS: BT; or s:r::u:t. Hencet = — 
& 


or log. ¢ = log. r + log. v — log* s, the theorem 
required. 


XI. Prize Quest. 18. ‘answered by the frropiser, 
James Temple, New-York. 


The annexed figure is the stereographic pro- 
jection of the concave sphere, on the plane of PF/, 
the meridian of Arcturus ; where P represents the 
north pole, and # the south pole. Having described 








Ff, the parallel of 
declination of Arc- 
turus, 20° 12/ 19/ 
N. and L/ the pa- 
rallel of declin- 
ation of Antares, { 
$50 59’ O1" §; ° 
make the angle 
FPK (24. 10m. 
42 sec.) = 32° 
40/ 20", = the 
nearest distance 
of the stars, in right ascension, by drawing PK, the 
meridian of Antares, forward from PF ; then F is 
the point of the first transit, and K is the cotem- 
porary position of Antares. But by the diurnal ro- 
tation, Antares js apparently translated from K, 
along KI, to the azimuth at L, in 15 min. 45 sec. 
solar time, or 15m, 47 sec. 35thds. siderial times 
which is equal to 3° 56! 54 = the angle KPL, 
made by drawing the meridian PL, backward, from 
PK ; then L is the point of the last transit. ‘Through 
the points F and L, draw the azimuth ZFLNz ; 
and round P, at the distance PZ, the colatitude = 
49° 20’ N. draw the parallel of latitude of the place 
of observation, to cut the azimuth in-Z or z, the 
zenith ; through which and P, draw PZ, or Pz, the 
meridian of the place. Then is ZFL, or zFL, the 
vertical required; or the angle PZF, or PzF, is the 
azimuth from the north, on the same side of the 
meridian PZ, or Pz; and since PZ = Pz, the 
angle PzF = PZf, the supplement of PZF. But 
i this question, it is impossible to be the acute 
azimuth PzF, and can only be the obtuse azimuth 
PZF ; for by drawing Ao, the horizon of z, and 
HO the horizon of Z, we see both the transits F 
and L fall below ho, and above HO. Therefore thg 
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angle PZ, measured, is the required azimuth from 
the north, or its supplement PZ/, measured, -is the 
azimuth from the south = 41° 23’ 11” E. Hence 
the plane’s declination is N. 48° 36’ 49” FE. 


CALCULATION. 


In the several cases of this problem, which may 
occur, it appears from the circles of the sphere, 
that in the triangle FPL, formed by the pole, and 
the positions of the two transits; the polar angle 
FPL is always equal to the difference between the 
siderial elapsed time, and the distance of the stars 
-in right ascension, counted in conseguentia from 
that star which makes the first transit; or else the 
supplement of that difference, to 24 hours, when it 
exceeds 12 hours. Also it is evident in this ques- 
tion, that the angle FPL, = FPK —-KPL = IA, 
54m. 548. 25thds. = 28° 43’ 36’’, and the including 
sides PF and PL, the stars’ polar distances are 
given. Perpendicular to the base or azimuth FL, 
draw the meridian rPR, which falls nearest the 
greater side PL, when the greater declination is 
toward the depressed pole 7. ‘Then, by cor. 2. 
prop. 30, book 3, Emerson’s Trigonometry, sine of 
(PL+ PF):sine of (PL m PF): : cotangent of half 
the vertical ad FPL (or of $ -FPR & LPR) : tan- 
gent of j* FPR * LPR, sical as the perpen- 
dicular falls within or without the triangle PFL, or 
according as the acute’ are of the 4th term is less 
or greater than that of the 3d. But sine PL + PF 
: sine PL « PF .: sine 3 ie ¢ ofthe declinations 
difference when the same “ 
sum when contrary ways 








> sine of their , 





> : cotangent 4*FPL (or of }FPR «@ LPR) : 








ian. J+ FPR 4 LPR; and consequently FPR and 
LPR are the sum and difference of the arcs in the 
third and fourth terms. Therefore in this question, 
sine 5° 46’ 42: sine 46° 11’ 20” :: cotangent 
14° 21’ 48” ; tangent 87° 57’ 14" s whence the 
angle LPR = 73° 35’ 26’. Now in the right 
angled triangle LPR, the angle LPR and the side 
PL are given, to find the perpendicular PR 
149° 54’ 8”. And lastly in the right angled triangle 
ZPR, the sides PR and PZ, are given to find the 
angle PZR, the azimuth N. 158° 36/ 49” FE. or 
PZr = the azimuth from the South 41° 23’ 11” EF. 
and consequently the plane’s declination is N. 48° 
36’ 49’! i. 

Or in the triangle PFL the sides PF and PL 
and the angle FPL are given, to find the angle 
PLF ; then in the triangle PZL the sides PZ and 
PL and the angle PLF are given, to find the angle 


Z, the azimuth N. 138° 36’ 49” E, or S..41° 23 


1” E, 


Corollary 1. Ifthe twotransits be made, at the 
same instant, the angle FPL, is equal to the least 
distance of the two stars, in right ascension. 


Cor. 2. If the polar distances of the two stars 
be egual, and the two transits be made on the same 
quadrant ZO, the azimuth cannot be found by this 
problem: for when PI’ = PL, the points-F and L 
coincide, and the triangle FPL vanishes. 


Cor. 3. Ifa star in rotation, be observed just to 
touch an azimuth circie, the azimuth may be easily 
found frora that observation. Vor if a star r, touch 
an azimuth circle FZz at r, the triangle PrZ is 
right angled at ry and hence the sine of PZ: rad. 
: 3 sine of Pr: sine PZr; or cosine lat. : rad. :: 

- 








a 
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re 


cosine stai’s declination : sine of the star’s greatest 
azimuth ; or rad. : secant lat. : : cosine star’s de- 
clination : sine of the star’s greatest azimuth. 


Ccr. 4. Since any star, whose polar distance, is 
greater than the complement of the latitude, will in 
its rotation, touch some azimuth circle, when the 
azimuth of that star becomes the greatest possible ; 
and since it is evident, that, the star’s magnetic 
azimuth may then be accurately observed, we are, 
therefore, in cor. S. furnished with a new, easy, 
and correct method of finding the variation of the 
compass, at land. 


af > re en 
JVe 43 WJ. 


other curious corollaries are here omitted 


fur want of room. We hope, that, Land-Surveyors 


will pay particular atiention to cor. $ and 4. 
Epirors. 
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: ARTICLE IX. 
A short Disquisttion, concerning the Definition, of the 
word Power, in Arithmetic and Algebra. 


By G. Barow, 4 





or nee 


IN the following paper, I. contend, that, in the 
: writings of the modern mathematicians, the fowcrs 
of numbers, are inaccurately defined; and that in 
consequence of this inaccuracy, certain conclusions, 
in the higher branches of the mathematics, evi- 
dently true in their own nature, appear as mys- 
terious and incomprehensible paradoxes. ‘The de- 
finition, to which I allude, has generally been ex- 
pressed, in words to the following effect: éhe fowers 
of any number, are the successive firoducts, arising 
Jrom the continual multifilication -of that number, into 
itself. Now, if this definition, be considered as per- Bt 
fectly accurate, it must incontrovertibly follow, that, 
the first power of any number, is produced by mul- f 
tiplying that number, by itself;—that the second 4 
power, of a number, is pt ‘oduced, by multiplying 
the first power, of that number, by the number | 
itself;—that the third power, of a number, is pro- 
duced, by multiplying the second power, of that 7 
number, by the number itself; &c. &c. 

HTence 5 = 25 


Gr 


- the first power of 5, | 
== 125, the second power of 5, r 
= a5 thethind pouerat eke &c. i 


x x X 
ory 


Gr 








i 
t 
i 
q 
4 
4 








} 
’ 


The first, second, third, kc. powers of any number, 


might be connie expressed thus, 5', 5 > 53, 


&c; where 5° == 5 
5 >. £9" wm @ 


; $ 
5° == 125 & 


== 25, the first power of 
» the second power of 5; 
the third power of 5; &c. 


oe oe VI 


In the same manner, the fir st, second, thiftd, &c. 


powers cof any number 2, might be represented, by 
~:I 


x*, 2*, 23, kc, nwhichz' =r X27,z22* e2xr' Xa, 
wimex* Xx, &e. Kc. All this is, evidently, in 


the common definition, of 
s well known that the word power 
ad not, a cannct be, used in this SENSE ; for, in 
ivithmetic and alpebra, every number, is necessarily 
considercd, as equal to the first power, of itself: 
ind hence, since it is impossible, according to the 


‘awant rantrnsemaetw wat 
exact cohiormity, with 
' . 
s 


powers. But it 


common de¢iinition, for any number to be equal to 
. . > nae. eimerenec 3 " } .¢ ar 
its own first power; it ft oliow sy that, this definition 
a 7 
i 


is erroneous. Turther, it is also well known, that, 
the silidelict resulting from any number, multiplied 
itself, must Le considered as the second power, 
hat number: byt accerding to the common de- 
tion, it is only the first power; and hence this 
cehnition is again erroneous: ina similar manner, 
the fallacy of the same definition, m ight be shown 
when aph plied ¢ to > any other power whatever. Since, 
therefore, it has been shewn, that, the common de- 
inition of powers is universally false, it becomes 

bsolutely necessary, to expel it from the mathe- 
iettion! sciences, and to establish another that 
Shall be truly correct. For the certainty and 
evidence cf these sciences, depend essentially on 
tie precision and accuracy, with which the various 
terms are defined: every mathematician knows, 
that, the limits, or bounds of a definition, form the 
true partition line between science and mystery: ; 
and that the moment we pass these limits, we must 
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inevitably, enter the incomprehensible and visionary 
regions. 

From a careful survey, of the application of 
powers, in every, branch of the mathematical sciences, 
it has long appeared to me, that the following de- 
finition, is universally correct. Viz. The powers of 
any number, are the successive firoducts, arising from 
unity, continually muitifilied, by that number. Ac- 
cording te this definition, unity multiplied by any 
number, produces the first power of that number ; 
—the product arising, from the first power of any 
number, multiplied by the number itself, is the 
second power of that number ;—the product result- 
ing, from the second power of any number, multi- 
plied by the number itself, is the third power of 
that number; &c. &c. 


Hence 1X5 = 5, the first power of 5, 
B. 25, the second power of 5, 


Lx Ses 125, the third power of 5, 
ixsx5xX : 625, the fourth power of 
RC. Ke. 





Let now 5! denote the first power of 5, or 1 x 5; 
$*, the second power of 5, or | K 5 X 5; 53, the 
third powerof 5,or 1 x5 x5 x5; &c. &c. where 
the small figures !. 2. 3. &c. are called the ex- 

onents of ‘the first, second, third, &c. péwers. In 
like manner, 7%, 77, 73, &c. will represent the first, 
second, third, &c. powers of 7; and =" zs*, #5, 
x*, &c. the first, second, third, fourth, &c. powers 
of any number x. It may now be necessary to 


demonstrate the two following propositions. 


Prop. I. . 


The first power of any number, is equal to that 
number itself. 














( 
\ 
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For, le. x represent any number, whatever ; then 
from che definition, and the nature of numbers, 


ci ol xXx r= Zr 


Prop. II. 


The second power of any number, is equal to the 
product, arising from that number multiplied by 
iiself. 

For, by the definition, «* = lixexr= 
x! Xa; and by Prop. I. xr* =z; consequently 
17> = VK 


CcROLLARY. 





am =zi' xX cr me TEKS KEM As 
&e. &e. And hence any product, arising from the 
continual multiplication of a number, into itself, is 
a power of that number ; and the number of factors. 
used, in such continual multiplication, is equal to 
the exponent of the power, so produced. 

Thus far, every conclusion, drawn from the pre- 
pounded definition, agrees, exactly, with the com- 
mon usage of eyery mathematical author of the 
present age. Let us, therefore, next inquire, 
whether the same definition, will not lead us toa 
clear and intelligible solution, uf the mysterious pa- 
radoxes, resulting from the common definition, 
when applied, to what is denominated, the nothingih 
powers of numbers. The word nothing, in a ma- 
thematical sénse, signifies the privation of some 
property, which, necessuri/y exists, in the consti- 
tution of any thing, considered as the subject of 
number, or of magnitude. This may be clearly 
illustrated from the nature of solidity : for, length, 
breadth, and thickness, necessarily exist together, 
in the constitution of a solid; and if thickness be 
abstracted, length and breadth will’ remain ; but 


Hence m2? >= lxawx2exxr =e xv*xe= 
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the magnitude of this solid, when thus deprived of 
thickness, will be nothing. The word nofhing, here 
applied to solidity, evidently signifies, the privation 
of a property which must necessarily exist, in the 
constitution of a solid: and hence this nothing does 
not affirm absolute nonentity ; for fhe remaining 
length and breadth, constitute a superficies ; a thing 
perfect in its own nature, though destitute of so- 
lidity. 

The learned Mr. Emerson, in the scholium to 
the 73d* problem of his Algebra, very justly ob- 
serves, “ that, nothing in a mathematical sense, 
“never signifies absolute nething; but always 
“ nothing in relation to the object under consider- 
“ation.” If now, this mathematical idea of nothing, 
be applied to our definition, it will be evident that 
unity, is the nothingth power of any number what- 
ever. For let x denote any number; then by the 
definition, 1 x x, is the first power of x. Hence 
then, a unit multiplied by 2, must, necessarily con- 
stitute the first power of any number x; and there- 
fore if the multiplication by x, be abstracted from 
this first power of x, by means of division ; the 
power will become nothing but the unit will remain: 


z* ix: 


for —- = ——— — }, and hence it is plain that 
x x 


x° = 1, when x represents any number whatever. 
But since the number a, is here unlimited with re- 
gard to greatness, it follows, that, the’ nothingth 
power of an infinite number is equal to a unit. 
What, has hitherto been advanced, relates to 
pure numbers; and it now remains, to apply our 


* Mr. Emerson wrote this problem in the English language, 
but it has lately been translated into nonsense, by Jared Mans- 
field of Connecticut, and published in a wonderful work, 
which this translator calls Mathematical Essays. The inde- 
finitely small nothings of Connecticut, are infinitely great ab- 
surdites, in the regions of science and common sense. 











definition of powers, to abstract quantities. By a 
pure number, I mean, a definite plurality, or a de- 
terminate multitude, of abstract and _ indivisible 
units; and by abstract quantity, I understand, mag- 
nitude expresssed in numbers, by means of some 
known measure, considered as a unit, indefinitely 
divisible. From a certain corresponding analogy, 
between the quantities of geometrical rectangles, 
and the products of abstract numbers, mathema- 
ticians have linked the former with the latter, sub- 
jected quantity, to all the operations of numbers, 
and proved, that, every proposition, that is true of 
abstract numbers, is also true of abstract quantities. 
Hence, then, since, our definition, was universally 
accurate, in its application to abstract numbers ; it 
will likewise be universally correct, when applied, 
to abstract quantities. But, in order, to pursue the 
application of our definition, to quantity in the ulti- 
mate extremity of smallness, let us suppose x to 
represent any fractional quantity; or in other words, 
let x denote any magnitude, expressed in numbers, 
by means of some part of its measuring unit: then 


by the definition z* = 1x2. Let now this mul- 
tiplication by x, be abstracted; and for the reasons 
heretofore advanced, we have x° = 1. Now since 


x here represents a fractional quantity, indepen- 
dent of any limitation, in respect to smallness; we 
may therefore suppose x, by means of continual 
diminution, or decrease, to pass from its present 
value, through ‘every degree of smallness, until it 
become nothing; then it will be evident, that, during 
this diminution or decrease of x, x° will continue 
equal to an invariable unit; and that frectsely at ihe 
instant, When x becomes nothing, x°, or 0° = |. 
We have therefore proved, immediately from our 
definition, that, the nothingth power of every 
number and quantity, is egual to a unit; and, that, 


| 
_ 
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o° = 1: the truth of which propositions is well 
known; and hence the definition itself, is uni- 
versally correct. Indeed, when powers are thus 
defined, these propositions are self-evidently true, 
independent of the demonstrations here given: but 
on the contrary, when powers are considered, as 
generated according to the common definition ; the 
same propositions, (notwithstanding the demon- 
strations of modern analysts,) must inevitably ap- 
pear, as incomprehensible paradoxes. For, if 
powers be the successive products, resulting from 
the continual multiplication of any number into 
itself; such multiplication, must be essential in the 
production of a power; and where there has been 
no such multiplication, there can be no power. So 
long, therefore, as the common definition is re- 
tained, it will be absurd to consider a number as 
the first power of itself. For by that definition any 
number 2 multiplied by itself, gives the first power 
of x = 2x =x X x; and when this multiplication 
by x, is abstracte <1 we have x° = «x, which is a 
manifest absurdity, and utterly repugnant to the 
well known nature of logarithms. Further, since 
in adhereing to the same definition it has been shewn, 
that, 2° = x; it would therefore be impossible 
for 2°, to be universally equal to a unit. But we 
know, from the nature of logarithms, and also, from 
other principles, that 2°, is actually and universally 
equal to a unit; and hence we infer, that, the in- 
explicable mysteries, which have long been attri- 
buted, to the nothingth powers of numbers and 
quantities ; originated, in a wrong definition of the 
word fower. 

From what has here been said on the subject, it 
is plain, that, the pewers of any number, form a 
geometrical series from unity, whose ratio is the 
number itself; and that the exponents of such a 
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series of powers, form an aritmetical series, from 0, 
whose common difference is a unit: or in other 
words, that, the exponents of the powers of any 
number, are a certain system of the logarithms of 
their corresponding powers. And hence it follows, 
that, all the operations of numbers, performed by 
jogarithms, may in a like manner, be done of 
powers, by means of their exponents. Also, since 
x° = 1, whatever be the value of x; of conse- 
quence, in every system of logarithms, the log- 
artthm of 1 = 0. 


ARTICLE X. 
NEW QUESTIONS to be answered in the next Number. 
I. Quest. 19. by Niel Gray, New-York. 


Out of an annuity of 1000 dollars per annum, 
for 10 years, the first payment being due one year 
hence, the owner desires to know how much he 
may spend a year; so that his annual savings, with 
the simple interest arising therefrom, at 7 per cent. 
per ann. may, at the expiration of ahis annuity, 
amount toa sum whose interest at 7 per cent. per 
ann. shall be equal to the yearly expenditure re- 
quired 

Il. Quest. 20. by Alexander Walsh, New-York. 

It is required to determine whether SO horses 
can be put into 7 stalls ; so that in every stall there 
may be, either a single horse, or an odd numbe r of 
horses. 

7 
HII. Quest. 21. by Ebenezer R. White, Danbury 
Conneciicut. 


FT —_—_______ _ EE 
Given x = fe” + 6", and y = fa" — 6, sup- 
posing r = 5, m = 9, nm = 7, a = 684588 and 
6 = 24°5632; required a general rule, for finding 
the values of x and y, by a table of common log- 
erithms. 





. 


a. | 





IV. Quest. by the Rev. 


T. P. Irving, Newbern, 


North Carolina. 


In inches, the head of a Pamtico fish, 


Which makes, on the board, 


a delectable dish, 


The thirty-five thousand two hundredth, will be, 
Of years circumvolving, (the learn’d all agree, ) 
’Twixt the century current, and when in amaze, 
The world on a spring sempiternal, shall gaze. 
It’s body biseéted, that’s half cut asunder, 


You see J’m Hibernian, but 
I mean, that, one half of its 


smart’s, I’ll not blunder; 
body’s whole length, 


Conjoin’d to those inches, by pf/us’s whole strength, 
Its ail will express; while its body if sought, 

Is more the head, more the tail, eke more a naught. 
Now tell me ye skill’d in symbolical art, 

The length of this fish, and each specified part 


VY. Quest. 23, by Diarius Yankee, Bunker’s Hill, 


A gentleman a garden has, 
In area, just an acre ; 

In form a circle, on whose verge, 
Was sat Yohn Bulla quaker : 
Whose head oft-times, it must be 

owned, 
Was teeming with strange fangle: 
And horticulture studied less, 
Than circles, lines, and angles.--- 
Here, master, louk thee, Fvan ex- 
claim’d, ° 
Three trees thou seest---I blunder 
Two trees I mean----I would have 
thee; 
Pray what excites thy wonder? 


Vi. Quest. 24. by the 


The third I'd plant cutside the 
fence, 
For this thou seest grows in it ; 
Just 90 feec from that whose boughs 
So much frequents the linnet; 
But so thatwhencesoe’er thou view’st 
‘Them ftom the garden's ring, 
‘They ll equi-distant secin---if not--- 
May I ne’er be a king ! 
John’s master knowing what he 
meant 
Consent at once was granted, 
Pray shew us where----1 know you 





can 
The tree by John was planted, 


Rev. J. Blackburn, Cam- 


bridge, England. 


Ifa circle ABDC, circum- 
scribe an equilateral triangle 


ABC; the straight line 


is equa) to the sum of the two 


straight lines BD and 


required a demonstration. 


A D 


DC: 
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VIL, Quest. 25. by Robert Adrain, York-Towzn, 
Pennsylvania. 

If any quadrilateral ABCD, be inscribed in a 
circle, and the diagonals AC, BD be drawn ; it will 
be, as the sum of the rectangles BA. AD, and 
BC.CD, is to the sum of the rectangles AB. BC, 
and AD. DG, so is the diagonal AC, to the diagonal 
BD. Required a demonstration. 

VIII. Quest. 26. by G. Baron, New-York. 

A ray of light issues from A 
a given point A, and is ~*~ 
constantly retlected to another 
given point B, by a plane %, rd 
speculum LQM, which moves a f 
parallel to itself; required ‘yw 
the locus of all the points Q. L Q M 
IX. Quest. 27, dy Diarius Yankee, Bunker’s Hill, 

The cavity of our chimney, is an upright pa- 
rallelopipedon, the diagonal of whose base is 69 
inches ; and the height of the lower side of the 
lintel, above the plane of the floor is 40 incies. 
What is the length of the longest inflexible stick 
that can be put up this chimney ° 
X. Prize Quest. 28. dy IW. Green, New-York. 
(The author of the best solution, to this Question, shall re- 

ceive 3 handsome silver Medal, value six Dollars.) 

St. John’s, in Newfoundland is in Jat. 47° 32’ N. 
long. 52° 26/"°W. Cape Finisterre, in Spain, is in 
lat. 42° 51’ 52’ N. long. 9° 17’ 10’ W. and Cape 
Barbas, in Africa, is in lat. 22° 15! 30’ N. long. 
16° 40’ W- Now there is a certain point, (on the 
same hemisphere of the earth,) which, on the arcs 
of great circles, is equally distant, from. each of 
these three places; and it is required to determine 
this distance, the bearings of the three places from 
the poini, the latitude and longitude of the point, 
and the courses and distances from the same point 
to each of the same three places. 














ARTICLE XI. 
Answers to the Quesrions proposed in ArriciE X. 


I. Quest. 19. Answered by Thomas Whittaker, Harris- 
burg, Pennsylvania. 


PUT a=the annuity= 1000 dollars, tthe time of 
continuance= 10 years, r=the interest of 1 dollar for 
a year=‘07, and a—x=the expenditure required. 


Then, by the common formula, and the nature of the 


t—lxr42 
2 





question ; xX tre =a—xe Whence x 


2a 
ay FE Ee =520°6977 dollars, and a—x= 


479°3023 dollars, the annual expenditure sought. 





II. Quest. 20. Answered by Fames M'Ginness, Mid- 
dletown, Pennsylvania. 


The question is, “ Whether 30 harses can be put 
into 7 stalls, so that in every stall there may be either 
a single horse or an odd number of horses.” Let 
atb4+c+d+e+f+g=30; then will a+14+3--1+4 
cHit+d+l+e+1+/f+l4+g+1=37, an odd num- 
ber. Now, by the question, each of the seven letters 
a, 6, c, d, e, f and y, is either a unit or an odd num- 
ber: consequently a+1, 641, c+1,d+1,e+1, f+1, 
and g+ 1, are even numbers; and, by Prop. 21, book 9, 
Euclid, their sum (37) 1 is also an even saidhiber. But 
this last conclusion is evidently absurd; and there- 
fore the horses cannot be put into the stalls SO as 
answer the conditions of the question. 

‘No. 4. G 
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Lhe same answered by the Reo. Thomas P. Irving, New- 
bern, North-Carolina. 


Sirs, Mr. Walsh, I think, must own, 
One horse is useless lumber; 

Unless he’ll make three odds combin’d 
Produce an eyen number. 


OTHERWISE. 


I think Mr. Walsh Alexander, must own 
That Bucephalus sleeps out o’ doors ; 

Unless he has skill to rectangle three threes, 
That shall do what is done by four fours. 


III, Quest. 21. Answered by Ebenezer R. White, Dan- 
bury, Connecticut. 


After correcting a typographical error, which, in 
this question, made n=7, instead of n=17; let the 





first of the given equations, x=,/a"+6", be trans- 
co- ; 
formed to / (Fe+1) xo: from which, the first of 
the general rules required is self-evident. Hence the 
value of x will be found as follows: 
log. a=log 684°588= 2°8354293 
m= 9 


log. a” ==25+5 188637 


’ 





log. blog. 24°5652— 1+3902849 





n 17 
log. b” —=23°63484383 
25°5188637 





1*8840204 
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log. [=log. 76:5633—= 1+8840204 
] 

log. 77*5633— 1°8896563 

log. bn —=ee ete eee 23°6348433 

r==5)25°5244996 

log. x==log. 127321=5°1048999 








Hence x=127321 nearly; and by a similar process 
we obtain the second general rule; from which is 
found, y=126657 nearly. In the same manner, the 
value of a binomial surd may often be easily found, 
when the common methods of calculation would ren- 
der the operation exceedingly troublesome. 


IV. Quest. 22. Answered by Diarius Yankee, Bun- 
ker’s Hill. 


The learned do not expect the commencement of 
a sempiternal spring: for, in nature, no cause, ca- 
capable of producing such an effect, has hitherto been 
discovered.* It may therefore be said, that the 
learned all agree, that, should an eternal spring com- 
mence, at some future period, the distance of that 
period from the present century is now unknown. 
Hence the first six lines of this question may be con- 
sidered as an ingenious enigma, signifying that the 
length of the fish’s head is not given. Let, now, 
2 y=length of the body, and x==the length of the 
head; then by the question y-+-x=the length of the 
tail, and 3 y+-2x=the length of the fish. Also by the 
question 2 y=y+2x4-0; whence y=2x; and con- 
sequently if x=1, y=2, y+x=3, 2 y=4, and 3 y-++ 
2x=8; or the length of the head, tail, body and fish 
are as 1, 3,4 and 8 Therefore the question admits 
of an indefinite number of answers. 


* See Prep. 54, Emerson’s Centripetal Forces. 
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V. Quest. 25. Answered by G. Baron, New-York. 
LEMMA. 


If in a straight line A B, drawn on the plane E AD, 
a point P be taken between A and B, and nearer to 
B than to A; the locus of all the points P, p, on the 
same plane, is a circle, when the straight line p P 
always bisects the rectilineal angle A p B: and the 
centre of this circle is in the straight line A B pro- 
duced towards D. 





e 
ee 
“A202. 5., 
*@<. 
oo co. 





DEMONSTRATION. 


Let the point P, in moving from P to p; describe 
the line Prp. Then, since by hypothesis the straight 
line pP bisects the rectilineal angle Ap B; AP: 
PB:: Ap: pB, by prop. 25, book 2, Emerson’s 
Geom. 2dedit. Again, by hypothesis, A P is greater 
than PB; and therefore the increment of A p is al- 
ways greater than the cotemporary increment of p B: 
of consequence A p—p B continually increases. But 
when A p—p B becomes equal to A B, or when Ap 
=A B+p 8; the triangle A p B vanishes, the point 
p coincides with D, and the straight lines A p and pB 
respectively coincide with, and become equal to A D 


and BD. Hence AP: PB:: Ap: pB::AD:DB; 
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and therefore, by the prop. above quoted, thestraight 
line p D bisects E p B, the exterior angle of the tri- 
angle ApB. Lastly, since p P bisects the angle 
Ap B, Ep D+A p P=P pD=a right angle; and 
consequently the curve P rp D is a semicircle, whose 
centre O is in AB, produced towards-D. 9,£.D. 


CoROLLARYs. 


When A P=PB, the triangle A p B will be iso- 
celes; and the locus of the point P will be a straight line, 
But if A P be less than P B, the locus of P is a circle, 
whose centre is in B A, produced beyond A. 


N.B. The demonstration of this lemma might 
have been inferred from prob. 13, const. geom. probs. 
Simpson’s Geom. 4th edit. and the reverse might 
have been drawn frem prop. 23, book 4, Emerson’s 
Geom. 2d edit. 


SoLuTION. 


By the data of the question, and the principles of 
perspective, a straight line, drawn from any point in 
the circular fence to the middlemost tree, must bisect 
the angle formed by straight limes drawn from the 
same point to each of the other two trees. But, since 
one of the trees grows in the fence, the third tree 
must be planted in a straight line with the first and 
second; otherwise, a straight line, drawn from some 
point in the fence, through the middlemost tree, 
might also pass through one of the other trees, with, 
out passing through the third; which is contrary t 
the conditions of the question. Now, by the above 
lemma, if B, P, and A, represent the places of the 
three trees, ina straight line AB, Prp Dpr will 
represent the circular fence, whose centre O is in 
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A B, produced beyond B: for, by the question, the 
third tree A was to be planted outside the fence. 
Also by the lemma DB: AD:: PB: PA; and by 
a theorem in proportion D B—P B=2 BO: A D— 
PA=20P::PB:PA,orO0B: OP::PB:PA. 
Again, by the question and a well known theorem, 
: 1x 66066 : a 
the radius O P=/ 374159, ee =! 17°75219 feet: and 
since P Bis given=90 feet, O B=>O P—P B=27:75219 
feet. Hence, in the four proportionals, the three first 
terms O B, OP, and P B, are given to find the fourth 
P A=381+8692 feet: and consequently the place of 
the third tree, A, is known. 





CoROLLARY. 


O A is a third proportional to OB and OP: for 
OB:OP::PB:PA:: OB+PB=OP:OP+ 
P A=O A. 


VI. Quest. 24. Answered by the Proposer, the Reve F- 
Blackburn, Cambridge, England. 


A 
Because equilateral triangles 


are equiangular, and the ingles, 
at the circumference of a circle, 
standing on the same arc, are 
equal one to another, the angles BY K 
BDA=BCA>ABC=ADC: 





and hence A D bisects the an- Fie""D 

e BDC. InC D produced, 
take D F=D B, and join BF. Then the angle DBF 
=DFB by 5, 1, Euce=ADC by 32, 1, Euc. for it 
has been shown A D, that bisects the angle BDC. 
But the angle BD F=BAC by 22, 3, Euc.=A BC 
=A DC=D BF=DFB, by what has already been 
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proved ; and therefore the triangle D BF is equian- 
gular, and consequently equilateral. Further, since 
the angle DB F=ABC, the angle CBF=A BD. 
Lastly, in the triangles ABD andC BP, the sides 
AB and BD are respectively equal to the sides CB 
and BF; and the angles contained by these sides are 
also equal; therefore, by 4, 1, Euce AD=CF, by 
construction=C D+DB. 9; £.D. 


OTHERWISE. 
Since the angles at the circumference of a circle, 


standing on the same arc, are equal; and since equi- 
lateral triangles are equiangular ; the angle ABC= 


ADC=BC A=A DB; of consequence, AD bisects ' 


the angle BDC. Hence, by 3,6, Euce BE: EC: : 
BD : DC; and by composition, BC: EC: : BD 


DC: DC. But by similar triangles AC=BC : BC | 


:: AD: DC; therefore, by 11, 5, Euc. BD+DC : 
DC::AD:DC. Hence by 9, 5, Euce. BD+DC 
=A D. 9, E. D. 


OTHERWISE. 


Because A BDC is a quadrilateral, inseribed in a 
circle, BDxAC+DCxA B=A DxBC, by prop. D, 
book 6, Simson’s Euclid. But A C=A B=BC, by'hy- 
pothesis; and consequently BD4+DC=AD. 9,£.D. 

This property of an equilateral triangle, inscribed 
in a circle, has been long known, and was re-proposed 
in this work, with a view of inducing the young Ame- 
rican geometrician to exercise himself frequently in 
the discovery of new demonstrations to propositions 
already established. “The first and second of the above 
methods of demonstration are presumed to be new; 
but the third may be found in various mathematical 
treatises, 7 






Tgiak 





ond 


Sr ee oy 


Fa BT aE 


Tr ee 


ewe | 


a 
_.- aie"? 2? - «= ~-)e went 


ery 


Pe ET LEP SR 
svrnio oy 


a . 7’ 





CO eee 
ee ee EEE ETS + 











( 74 ) 


A B, produced beyond B: for, by the question, the 
third tree A was to be planted outside the fence. 
Also by the lemma DB: AD:: PB: PA; and by 
a theorem in proportion D B—P B=2 BO: AD— 
PA=20P::PB:PA,orO0B: OP::PB:PA. 
Again, by the question and a well known theorem, 
; 1X 66066 ‘ a? 
the radius O P=/ 374159, eo, = 11775219 feet: and 
since P Bis given=90 feet, O B=O P—P B=27°75219 
feet. Hence, in the four proportionals, the three first 
terms O B, OP, and P B, are given to find the fourth 
P A=381+8692 feet: and consequently the place of 
the third tree, A, is known. 





CoROLLARY. 


O A is a third proportional to OB and OP: for 
OB:OP::PB:PA:: OB+PB=OP:OP+ 
PA=O A. 


VI. Quest. 24. Answered by the Proposer, the Rev. F- 
Blackburn, Cambridge, England. 


A 
Because equilateral triangles 
are equiangular, and the ingles, 
at the circumference of a circle, 
standing on the same arc, are 
equal one to another, the angles B 
BDA=BCA=ABC=ADC: 


NEE” © 


and hence A D bisects the an- Fie" 

le BDC. InC D produced, 

ake D F=D B, and join BF. Then the angle DBF 
=DFB by 5, 1, Euce=ADC by 32, 1, Euc. for it 
has been shown A D, that bisects the angle BDC. 
But the angle BD F=BAC by 22, 3, Euc.=A BC 
=A DC=D BF=DFB, by what has already been 
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proved ; and therefore the triangle D BF is equian- 
gular, and consequently equilateral. Further, since 
the angle DB F=ABC, the angle CBF=A BD. 4 
Lastly, in the triangles ABD andC BF, the sides * | ' 
AB and BD are respectively equal to the sides CB e 
and BF; and the angles contained by these sides are 
also equal; therefore, by 4, 1, Euce AD=CF, by 
construction=C D+DB. 9; £.D. ‘ 





ee 


OTHERWISE. 


Since the angles at the circumference of a circle, 
standing on the same arc, are equal; and since equi- 
lateral triangles are equiangular ; the angle ABC= 
ADC=BC A=A DB; of consequence, A D bisects ' 
the angle BDC. Hence, by 3,6, Euc. BE: EC: : 
BD : DC; and by composition, BC: EC:: BD 
DC: DC. But by similar triangles AC=BC : BC 
:: AD: DC; therefore, by 11, 5, Euc. BD+DC : a 
DC::AD:DC. Hence by 9, 5, Euce BD+DC a 
=A D. 9, £. D. , ‘ 
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OTHERWISE. | 


Because A BDC is a quadrilateral, inseribed in a Ai 
circle. BDxAC+DCxA B=A DxBC, by prop. D, 7 
book 6, Simson’s Euclid. But A C=A B=BC, by'hy- i 
pothesis; andconsequently BD+DC=AD. 9,£.D. 4 

This property of an equilateral triangle, inscribed 
in a circle, has been long known, and was re-proposed 
in this work, with a view of inducing the young Ame- 
rican geometrician to exercise himself frequently in 
the discovery of new demonstrations to propositions 
already established. *The first and second of the above 
methods of demonstration are presumed to be new; 
but the third may be found in various mathematical 
treatises, 
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VIL. Quest. 25. Answered by William Lenhart, Yorke 
Town, Pennsylvania. 


are similar; AB: DC:: BE: > iy 
CE, andBC : AD:: CE: Taille We 
DE: consequently ABxBC : p\ ree. * 


DCxAD:: BE : DE; and “acl 


by composition, A BxBC+DC 
xAD : DCxAD::BE+DE=BD :DE:: 
DCxBD: DCxDE. In the same manner it may 
be proved that ABxAD+BCxDC: BCxDC:: 
AC:CE:: DCxAC:DCxCE. Hence by al- 
ternation, kc. 
ABxBC+DCxAD:DCxBD::AD:DE, and 
ABxAD+DCxBC:DCxKAC::BC:CE. 
But by similar triangles AD :-DE:: BC: CE; 
therefore, by equality, AB<BC+DCxAD: DC 
xBD:: ABxKAD+DCxBC: DCXxAC: and by 
alternation, kc. ABxBC+DCxAD: ABxAD+ 
DCxBC::BD:AC. 9 £.D. 


Because the triangles ABE and A 
DEC, as also AED and BEC, ‘SAN 


CoROLLARY. 


Hence the diagonals of any quadrilateral, inscribed 
in a circle, may be easily found when the four sides 
are given: for, by the above theorem,:the ratio of 
the diagonals is given; and their rectangle is also 
given by prop. D, book 6, Simson’s Euclid. 
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VIII. Quest. 26. Answered by Fohn D. Craig, Phi- 
ladelphia. 


Bisect the straight line A F 
AB in O; on LM let fall — ~ 
the perpendiculars AC, OT ‘. 5 Tain 
and BD; and draw BG and . MrT 1/ fd 
AF, at right angles, to OT 
and TO produced. Then, | | 
by the question, and a well [, ¢ at ET @ DM 
known optical principle, the | 
angle AQL=BQM;; and, 
of consequence, the right angled triangles AC Q and 





BQD are similar: hence AC: BD:: CQ: QD., 


But since the right angled triangles AF O and BGO 
are evidently similar and_equal in all respects, OF = 
OG, and AF=BG=C T=TD; also AC=TO+ 
OG, BD=T O—OG, CQ=BG+TQ, and QD= 
BG—T Q: therefore TO+OG : TO—OG:: BG 
+TQ: BG—TQ; from which TO: OG:: BG: 
TQ. Hence the curve BgQ, the required locus, is 
an equilateral hyperbola; to which O T is an asymp- 
tote. 


The same answered by Fohn Craggs, near Richmond, 
Virginia. 

From the given points A and B draw AC and B D, 
at right angles to LM. Put AC—BD=a, DC=d, 
BD=x, and DQ=); then AC=a+x, and CQ=— 
d—y. Also, from the conditions of the question, and 


a principle in optics, the angle AQL=BQM; and: 


consequently the right angled triangles ACQ and 
BDQ are similar. Hence AC: BD :: CQ: QD, 
or a+x:ix::d—yiy; and therefore, by composi- 
, dx ; 

tion, at+2x:x:i:d ‘I=259x the equation of the 


curve BgQ, the locus required. 
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CorROLLARY. 


dx 


When AC=BD; c=o; and I™*S5TSs 


==Id: therefore, in this case, the locus of the point 
Q is a straight line. 





becomes y 


IX. Quest. 27. <daswered by Fames Temple, New- 


Tork. 

Let the vertical plane Cc 
PD AC, representing shy 
the diagonal section of “AC 
the chimney, be perpen- oY 


dicular to AB, the plane 
of the horizontal floor. bake z 
Then, by the question, : . 
A D=60 inches, is the ‘lp 
diagonal of the chim- EHP — 
aay" base; D P=40 u Be” D A 
inches, is the height of the lintel above AB, the 
plane of the floor; and AC is perpendicular to AB 
and parallel to DP. Through the point P draw PE 
parallel to AB; and let the straight line C P B repre- 
sent the required length of the stick. Again, through 
the point P draw the straight line 4c indefinitely near 
a coincidence with BC; and on the centre P, with 
the radii Pc and P B, describe the small arcs cs and 
Br. Now, by,similar triangles, PD: BD:: Br: 
bres and BD: PD::PE:CE::cs: 


C pS A But, by the question, C B is a maxi- 














mum; and therefore it is well known that ér, the in- 
definitely small decrement of P B, is equal to Cs, the 
indefinitely small cotemporary increment of PC: con- 
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BrxBD sxPD . ; a 
sequently OD mn — from which P D*= 





BD a Further, by similar sectors, cs: Br: : 

Pc: : : (by similar triangles) PE »>BD; whence 
—— BD 

nr_BD Therefore, PD*=BD* XpPE= me AN ;from 


which BD=./P D’ xP E=45-7886, and BA=BD 
4+D A=105*7886. Lastly, in the right angled tri- 


angle PD B, P B=./BD’+PD’=60'8; and hence, 
by similar triangles, BD: BA: : BP : BC=140+47 
inches, the required length of the stick. 





The same answered by R. Tagart, New-York. 


The figure representing as in the above solution; 
let J A be the stick whose length is required. Imay 
gine the end A to be drawn up the vertical straight 
line AC; then a point #, which must necessarily 
touch the lintel at P, will describe the curve pPI. 
But by p. 49 and 50, Math. Correspondent, this curve 
is an ellipse, to which the stick, in the position BC, 
is evidently a tangent at P. Let now PD=A E=a 
=40 inches, D A=>P E=é=60 inches, and B D=x; 
then from the nature of the ellipec AD: Ap=C P 


:: CP: AB: whence CP*=ADxA B==67 +4 x. 
Also, by similar triangles, BD: PD :: PE: CE= 


ab at $2 
> and therefore C P*=P E*+CE” =) 4A = 


616%. Hence x=B D=./2? a? b= 45-7886 inches ; 
and consequently BC=/A, the required length of 
the stick, is easily found=140+47 inches. 
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X. Prize Quest. 28. Answered by Thomas Maughan, 


Quebec. 


Let I represent St. John’s, F Cape 
Finisterre, B Cape Barbas, and IP, F P 
and BP, their meridians, meeting fn P, 
the north pole of the earth. With the 
arcs of great circles, [F, F B and BI, 
join the points I, F and B; and bisect 
IF and FB in the points A and C. At 
right angles to Il’ and F B draw the 
great circular arcs Af and Cf; which 
will intersect each other in /, the point 
required in the question. For from / 
to I, F, and B, draw the arcs of great 
circles pI, pl’, and /B; then in the triangles I Ap 
and pAF, right angled at A, IA=AF, and A? is 
common to each triangle; of consequence, the third 
sides pI and pF are equal. In the same manner 
it may be proved, from the right angled triangles 
FC? and pC B, that p B=pF; whence pl=pF=pB, 
and therefore / is the point whose latitude and longi- 
tude are sought. Now, from the question, the com- 
._plements of the three given latitudes are I P=42° 28’, 
F P=47° 08’ 08”, and B P=67° 44’ 30”; and the dif- 
ferences of the three given longitudes are the angles 
IP F=45S° 08’ 50”, LP B=35° 46’, and BP F=73% 
22'50'’. Hence, then, in each of the three triangles, 
IPF, IP B ahd BP F, two sides and the included 
angle are given; from: which, by means of versed 
sines, kc. the third sides are easily found: viz. IF= 
30° 21/ 35*3"", 1 B=38° 08’ 50°6”, and B F=21° 30’ 
08-9". Also, in each of the same three triangles, 
the three sides and one angle are now known; from 
which may be found the angles P I F=82° 38’, PFI 
=65° 59/54”, BI P=118° 52'02”, andP F B=161° 
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84’ 26’: consequently the angle F1 B=PIB—P IF 
=36° 14/02’, and the angle IF B=P F BP F I= 
95°04’ 32’. Again, in the triangle I F B the three 
sides and two angles are known; and the third angle 
FBI is found==54° 35'.33’".. Further, from what has 
been done, it appears that the angle 1 # B (=95°.04' 
$2”) is greater than F BI+F 1B (=90° 49’ 35"); and 
since pl=pF =p B, the angle pF I=p4F; and the 
angle pF B=p BF: consequently pF 1+-pF B=IFB 
=pIF+pBF, is known to be greater than BIF+ 
F BI; and therefore the point / is without the tri- 
angle IF B. But since pl=pB, the angle pI B= 


: IF B—BIF—IBF 
pBI; and hence the angle /1 B= 5 





=2° 07'29". Now, in the right angled triangle LA p - 


are given the angle Al p=BIF+p I B=382 2151’, 
and the side AI==1 I F=15° 10’ 47°6"; from which 
is found the hypotenuse p =p F=p B=19° 05’ 09-2", 
the required distance on a great circle=1145+15 geo- 
graphical minutes. Also in the triangle PI? are 
given the sides PI and If, and the included angle 
PI =P1F+AI1p=120° 59'31"; to find the third 
side P p=54° 18’ 25”=the complement of the latitude 
of p, the angle 1 P p=20° 11’ 25” =difference of longi- 
tude of I and f, and the angle P ¢ 1=the bearing of 
I from p, N. 45° 27'01” W. hence the latitude of 
pis 35° 41'35”N. and its longitude is 32° 14’35” W. 
Again, in the triangle BP, the sides PB and pB, 
and the angle P B=BPI—pP I are given; to find 
the angle P  B=the bearing of B from f, N. 130° 32’ 
02” E. or S. 49° 2758” E. In the same manner, 
from the triangle PpF, the bearing of F from # is 
found to be N. 60° 57/49” E. Lastly, from the given 
latitudes and longitudes of /, 1, F, and B, by the prin- 
ciples of Mercator’s sailing, are found the €ourses 
from ptol, F, and Bs=N. 51° 45’ 43’ W. N. 67° 59° 
at E. and S. 45° 18’ 00” E. and the respective dis- 
Oo 4. H 
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tances measured on these courses, 1147°81, 1148-27, 
and 114599 geographical minutes: the distance from 
pf to 1, to F, or to B, measured on a great eircle, was 
found=1145*15 minutes. This question required the 
courses and distances from / tof, F, and ‘C; but these 
found above are the least courses with their concomi- 
tant distances. It is, however, well-known to mathe- 
maticians, that an infinite number of. courses and 
distances may be found, which will carry a vessel 
from any one given place to another not in the same 
latitude ; and that the greatest of such courses is in- 
definitely near 90°, having its corresponding distance 
indefinitely great. This will necessarily be thought a 
strange doctrine by the deluded disciples of Bowditch 
and Blunt, who are taught to believe that ‘ plain sail- 
ing considers the earth as an extended plane, on 
which the meridians are parallel one to another”!! 
But to such people I have only te recommend the 
candid ‘perusal of a small pamphlet, written by G. 
Baron, entitled, “ Exhibition of the genuine Princi- 
plesof common Navigation, with a complete Refuta- 
tidn of the false and spurious Principles, ignorantly 
imposed on the Public in the New American Practi- 
cal Navigator.” 
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ARTICLE Xi. 
An Inquiry respecting the true Definition of Proportional 
Numbers. By G. Baron, 


Proportion is the marrow of the matheraatics, and the very 
soul of geometry and geometrical reasoning.—BLmerson. 


The modern mathematicians have written the 
highest encomiums on the doctrine of Proportion ; 
but in what page of their works can we, find the ge- 
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Nuine nature of four proportional numbers clearly de- 
veloped? Proportion is one of the most essential ar- 
ticles in the science of multitude :. its. application is 
infinitely more extensive and useful than all the other 
parts of arithmetic: and hence a competent know- 
ledge of this subject is, to young arithmeticians, ar 
indispensable requisite. But it is well known, that 
every branch of the mathematical sciences must be 
deduced from definitions which are precisely and 
universally correct; and therefore the present inquiry. 
will appear to be expedient and necessary. 

To begin this inquiry, we ask whether all- arithme- 
ticlans agree that, in any four proportional numbers, 
either the first is equal to the second, and the third 
equal to the fourth; or the first is a multiple of the 
second, and the third a like multiple of the fourth; 
or the first is a part of the second, and the third a 
like part of the fourth; or the first is a multiple of a 
part of the second, and the third a like multiple of a 
like part of the fourth?* The answer must be, that 
this well known truth is incontrovertible, and univer- 
sally admitted. Hence, then, it appears that, in num- 
bers, there are four different species of proportionals; 
and that we are already furnished with true definitions 
of these species, enumerated as follows. 


Definition of the first species. 

Four numbers are proportional, when the first is 
equal to the second, and the third is equal to the 
fourth. , 
Definition of the second species. 

Four numbers are proportional, when the first is a 


multiple of the second, and the third is a like mul- 
tiple of the fourth. 


* Here the reader is requested to peruse page I, 2, and 3, 
Mathematical Correspondent. 
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Defimiron of the third species. 


Four numbers are proportional, when the first is a 
part of the second, and the third is a like part of the 


fourth. 
Definition of the fourth species. 


Four numbers are proportional, when the first is a 
raultiple of a part of the second, and the third is a 
like multiple of a like part of the fourth. 


NM. B. The above definitions are confined to numbers* 
merely for the sake of brevity; but it is readily 
perceived, that all the species, except the fourth, 
will admit the un/t.. 


Now, since the aggregate of the definitions of all’ 


the species will never define the genus, we are still 
unacquainted with the generical nature of four pro- 
portional. numbers... We know, however, that pro- 
portionality must here consist. of something common 
to, and necessarily. existing in, each of the four spe- 
cies; but whatever this may be, it cannot depend on 
the divisibility of a unit: for this inquiry selates 
solely to abstract numbers, whose units are void of 
extension, and, consequently, indivisible. Again, 
since proportionality here consists of something com- 
mon to, and necessarily existing ing each of its spe- 
cies, it must, therefore, be something common to, and 
necessarily existing in, each of the four following 
E-vamples of proportional numbers. 

Ist species, 7: 7:; 13: 13. 

2d species, 12: 4::15: 5. 

3d species, $:18:: 2:12. 

4th species, 16 : 122: 8. Ge. 


* Numbers are composed of anits, but a unit is not a number: 
if a book be said to consist of leaves, it is plain that a leaf is 
not a book. Pm. i 7 

n2 


+ 








( 86 ) 


Further, since each of these species is defined by 
means of a particular re/ation subsisting in common 
between the first and second, and between the third 
and fourth terms, we infer that the genus must be 
defined by means of some general relation subsisting 
in common between the first and second, and between 
the third and fourth, of all proportional numbers. 
But from inspecting the above examples, it appears 
that this general relation cannot be expressed by like 
parts of the first and third, or of the second and 
fourth terms: for, in the example of the first spe- 
cies, the first term 7 and the third 13, being prime 
numbers, have no like parts; besides, all the species, 
except the fourth, admit the unit as a proportional 
term; and we cannot take a part of a number, and 
2 like part cf an impartible unit. We therefore see 
that a true definition of proportional numbers cannot 
be formed from the like parts of the first and third, 
or of the second and fourth terms. Let us next in- 
quire whether the general relation, constituting the 
proportionality of numbers, can be expressed by 
means of like multiples of the first and third, or of 
the second and fourth terms. Here we know that 
in any four numbers, like multiples of the first and 
third, or of the second and fourth, may always be 
taken. Keeping this in view, let us carefully exa- 
mine the above examples of the four species of pro- 
portional numbers. In the first species, the second 
term 7 is a part of (21) a multiple of the first, and 
the fourth term 13 is a like part of (39) a like mul- 
tiple of the third; in the second species, the se- 
cond term 4 is a part of (24) a multiple of the first, 
and the fourth term 5 is a like part of (30) a like 
multiple of the third; in the third species, the se- 
cond term 18 is a part of (36) a multiple of the first, 
and the third term 12 is a like part of (24) a like 
multiple of the third; and in the fourth species, the 
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second term 12 is a part of (48) a multiple of the 
first, and the fourth term 6 is a like part of (24) a 
like multiple of the third. From the general rela- 
tion here discovered in the four. particular examples 
of the species, we now presume that the following is 
a true definition of proportional numbers: viz. Four 
numbers are proportional, when the second is a part of 
a multiple of the first, and the fourth is a like part of a 
like multiple of the third.* Again, we inquire whether 
this definition, in its application to the four species of 
proportional numbers, is universally true. This will 
appear from the demonstrations of the four following. 
propositions. 


Prop. I. 


If the first of four numbers be equal to the second, 
and the third be equal to the, fourth, these numbers 
are proportional. 
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For, let AB, CD, EF, and GH, represent any four 
numbers, in which AB=CD, and EF=GH;; also let 
ABIK be any multiple of AB, and EFLM a like 
multiple of EF; then, by inspection, it is evident that 
CD is a part of (ABIK) a multiple of AB, and that 
GH is a like part of (EFLM) a like multiple of EF: 
therefore, by our definition, AB: CD: : EF : GH, 
as was to be shown. 


Corollary. In four proportional numbers, if the first be equal 


to the second, the third is equal to the fourth. '3 


* The following definition, has here been rejected as incom- 
patible with the true idea of ratio; viz. Four numbers are pro- 
portional when the first is a part of a multiple of the second, 
and the third is a like part of a like multiple of the fourth, 
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Prop, Li. 
if the first of four numbers be a multiple of the 
second, and the third be a like multiple of the fourth, 
these numbers are proportional. 
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For let ABCD, EF, GHIK, and LM, represent any 
four numbers, in which ABCD is a multiple of EF, 
and GHIK a like multiple of LM; also let ANOD 
be any multiple of ABCD, and GPQK a like multi- 
ple of GHIK; then it is evident, by inspection, that 
EF is a part of (ANOD) a multiple of. ABCD, and 
that LM is a like part of (GPQK) a like multiple 
of GHIK: hence, by our definition, ABCD : EF:: 
GHIK : LM, which was to be shown. 

Corollary.- kn €our proportional numbers, if the first be a mul- 
tiple of the second, the third is a like multiple of the fourth. 

Prop. III. 

If the first of four numbers be a part of the second, 
and the third be a like part of the fourth, these num- 
bers.are propertional. 
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four numbers, in which AB-is a part of CDEF, and 
GH a like part of IKLM;; let ANOP be a multiple 
of AB, and GQRS a like multiple of GH; then, by 
inspection, CDEF is a part of (ANOP) a multiple 
of AB, and LKLM is a like part of (GQRS) a like 
multiple of GH: hence, by our definition, AB : 
CDEF :: GH : IKLM, as. was to be shown. 

Corollary. In four proportional numbers, if the first be a part 
of the second, the third is.a like part of the fourth. 

Prop. IV. 

If the first of four numbers be a multiple of a 
part of the second, and the third be a like multiple 
of a like part of the fourth, these numbers are pro- 
portional, 


A B NG H Q 
coefe.e *«* eeeeeé¢ oof. *eete¢ 
Pp. ese ¢@ in olds ae 5 * s "*"R 
Creve D I... kKk 
Bethe - M..L 


For, let AB, CDEF, GH, and IKLM, represent any 
four numbers, in which AB is.a multiple of a part of 
CDEF, and GH a like multiple of a like: part of 
IKLM ; let ANOP be a multiple of AB, and,GQRS 
a like multiple of GH; then, from inspecting the 
figure, it is plain that CDEF is a part of (ANOP) 
a multiple of AB, and that IKLM is a like part of 
(GQRS) a like multiple of GH: therefore, by our 
definition, AB: CDEF : : GH: IKLM, which was 
to be shown. ; 

Corollary. In four proportional numbers, if the first be a muk 
tiple of some part of the second, the third is a like multiple of 
a like part of the fourth. 

Since, therefore, we have found our definition to be 
universally correct, this inquiry is finished. 
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ARTICLE XIH. 
_ New Quesrions to be solved in the next Nuniber. 


1. Quest. 29. By A. Rabbit, Harlaem, near News 
ork. 

“ A father dying, left £500-in cash, with five bills, 
each £48 10s. 6d. He ordered £20 to be laid out 
on his funeral, and his debts to be paid, amounting 
to £164. The residue he bequeathed. to. his five 
sons, as follows: to the eldest 2% shapes, and to each 
of the other four an equal portion of what remaineds 
How much ought each son te receive ?” 


_II. Quest. 30, By Niel Gray, New-York. 


Borrowed 5000 dollars, at 7 per cent per annum ; 
but I am, including the interest, to pay the lender: 
annually 8 per cent. on the original sunt: | when will. 
such payments discharge this debt? 


Ill. Quest. 31. By Alexander Walsh, New-York. 


Divines have frequently asserted that numbers can- 
not express the length of eternity: it is therefore here 
required to show those reverend gentlemen, that the 
number of years contained in eternal duration may 
be accurately expressed by means of two digits. 
‘TV. Quest. 32. By John Smithis, Philadelphia, 


Prove, by algebra, that the arithmetical is greater 
than the geometrical mean, — 


V. Quest.33. By WV. Thompson, Charleston (8. Cc) 
Demonstrate the existence of surd quantities, 


VI. Quest. 34. By the Rev. J. Blackburn, Cam- 
bridge, England. 

The height of a tower, erected on a horizontal 

plane, is 118 feet, At the top of this tower, by means 
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of a piece of board, a line and a plummet, I found 


that a straight line bisecting the complement of the 
angle of depression of an object, at a distance on the 
plane, struck the same plane, 115 feet from a point 
in the base of the tower, directly uti@er the placé 
where I stood. What distance was the object from 
the topof the tower? 


VII. Quest. 35. By W. Lenhart, York-Town, 


Pennsylvania. 


Tn a triangle, having given one side, and an angle 
adjacent to that side, it is required to determine, by 
a geometrical construction, the other two sides, wheia 
the sum of their squares is a minimum. 


VHI. Quest. 36. By J. D. Craig, Philadelphia, 


My little boy would fondly know, 
To strike his hoop that it may go 
The swiftest ‘long the street: 
Pray be so kind, the place to find 
The stroke the hoop must meet. 


. Quest. 37. By Diarius Yankee, Bunkers 
Fill. 


Hereafter the President of the United States and 
the King of Spain will settle all their national dis- 
putes by means of two telegraphs. For this pur- 
pose, one tower will be erected at Washington city, 
in lat. 38° 53’ N. long. 77° 15 W. and another at 
Madrid, in lat. 40° 25’ N. long. 3° 12’ W. The 
height of the republican will be to that of the royal 
tower as 5 to 4. Moreover, a Massachusetts man, 
stationed on the top of the republican tower, will 
regularly, at the hour of 2 A. M. by the sound of a 
conch-shell, proclaim to his Catholic Majesty all ne- 
cessaty negociations, The earth being spherical, I 
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demand the. heights of the towers, and the time of 
the day at Madrid, when the sound of the shell will 
be heard on the top of the royal tower. 


X. Quest. 38. By Robert Adrain, York-Town, 
Pennsyloania. 


Given the sum of the squares of three numbers= 
4, the sum of thcir cubes=c, and the sum of their 
biquadrates=d; to find the numbers. 


XI. Prize Quest. 39. By G. Baron, New-York. 


[The author of the best solution to this question shall receive a 
handsome silver medal, value six dollars. } 

~ A Fellow of the American Academy of Arts and 
Sciences was sent, by the State of Massachusetts, to 
spy out the land of Louisiana. Arrived in that 
country, he entered a cavern in one of the moun- 
tains, and discovered a solid body of pure gold, in 
the form of the frustum of a right cone, lying with 
its slant side upon a horizontal plane. The diameter 
of its smaller end measured 48 feet; but in attempt- 
ing to measure that of the larger, an imperceptible 
touch of his measuring rule tumbled the body on its 
smaller end: Alarmed by this terrible accident, 
with a trembling hand he ventured only to measure 
the diameter of the larger end, which was 60 feet; 
and after making the best of his way home, he com- 
municated this discovery to the Governor of the 
Commonwealth, who wisely began to consider the 
purchase of Louisiana as advantageous to the Union. 
O ye learned sages of the Southern States, the words 
.expressing the sequel of this story are unlawful to 
utter! and therefore (for ye know that a pennyweight 
of pure gold is worth a dollar) I dare but say, that, 
without your assistance, the immense value of this 
golden frustum must remain eternally unknown. 
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ARTICLE XIV. 
SoLuvions of the Quesrions proposed in ArricLe XIle 


I. Quest. 29. Solved by A. Rabbit, Harlaem, near 
New-York. 


£. 5004+5X(£.48 10s. 6d.) —(£.20+L£. 164)= 
£.558 12s. 6d.=the net estate, bequeathed to the 
five sons; whose shares (if the question have any 
meaning) are as 22, 1, 1, 1 and 1, or as 12, 5, 5, 5 
and 5. Hence, by. proportion 12+4x5=32 : 12: 
£.558 12s. 6d.: ms 209 9s. 81d. the share of the 
eldest son; and 19-4 :: £.209 9s. 8id. : £. 87 5s- 
87.d. the share o. ye younger son. N. B. This 
question is taken from Shepherd’s Columbian Ac- 
countant, page 48, where the answers are wrong, 
and evidently deduced from an erroneous principle. 
In this country authors of arithmetic have lately 
sprung up like a parcel of mushrooms, and it would 
have been well for the young and rising generation 
had the former been as harmless as the latter. These 
upstart authors have most perniciously corrupted, 
distorted, and degraded the noble and useful science 
of numbers, and metamerphosed our sons into mere 


counting machines, moving according to a heteroge-. 


neous collection of unscientific and stupid rules. A 
good book of arithmetic is much wanted in America; 
but so long as the wretched productions of Pike, 
Walsh, Shepherd, and Co. are encouraged, we can- 
not expect a man of talents to enrol his name in oup 


_list of numerical authors. 


II, Quest. 30. Solved by Fohn Capp, Harrisburg, 
Pennsylvania. 
Put p=5000, px:08=400—=a, r=*07 and x=time 
required; then from the question r the rate of in- 
No. 5. ‘ 
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terest, a an annuity, and £ its present worth are given, 
log. a—log. a—pr 

log. r+ 
=50°734 years, the time sought. See cor. 2. prob. 
54, book 2, Emerson’s Algebra. 





to find the time of continuance x= 


III. Quest. 31. Solved by G.. Baron, New-York. 


Let the indefinite o.:% 
straight lines AX and pl 


AZ form any angle a 
ZAX; and on AX Yo 


D- 
let AB=x represent a i 4 
variable oy abstract AL Pia es oe xX 
quantity, of which AC 6 C B 

is the unit. On AZ, 

let AD be=the applicate unit, 1 year. Join BD, 


and through C draw CT parallel to BD. Then, by 
similar triangles, AB=x: AC=1:: AD=1 year: 





’ l : . 
time AT=—. Imagine the point B to move towards 


A; then, during this motion, AB=<x will continually 
decrease; BD will revolve round the point D to- 
wards A; CT, parallel to BD, will revolve round the 


‘ , = : 
point C towards Z; and the time AT=-~ will conti- 


nually increase. But when the point B arrives at A, 
AB=x becomes nothing ;* DB coincides with.DA; 
CT, parallel to,DB, is then parallel to AT; and the 
time AT becomes infinite. Hence the infinite time 
l l 

AT= = now=5) expresses the number of years con- 
tained in eternal duration, as was required to be 
shown. 


* See Mathematical Correspondent, p. 62, and the Postscript 
. to the second edition of Emerson’s Algebra, 
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Corollary. Instead of making AD=the applicate 
unit 1 year, let AD=n=any number of years; then 


n 
as above x: 1:: m years: = years=AT. But it has 


been shown, that, when x becomes nothing, the time 
AT is infinite; afd therefore if n dehote any num- 
1 


5 will express.the number of 


ber of years whatever, 


years in eternitys 


Scholium. We must here be careful to remember, 
l n 

0 and ° the numerators 1 

and n are years; but the common denominator 0 is 

the nothing of an abstract quantity x. 


that, in the expressions 


IV. Quest. 32. Solved dy Fohn Coope, Chester County, 
Pennsylvania. 

Put s=i the sumof the extremes, and d=} their 

difference; then s+d=the greater, and s—d=the less 


. . ° .———— —— 
extreme : also s=the arithmetical, and ./s+dxs—d 
=,/s*—d*=the geometrical mean. But s is evi- 


dently greater than ./s*—d?, and therefore the arith- 
metical is greater than the geometrical mean. 


V.. QuEst. 3. Solved by Robert Adrain, York-Town, 


Pennsylvania. 


M poked acu P 
Let 7 be any fraction in its least terms; I say, 


+ 


that any power of this fraction is also in its least 
terms: for let f, g, r and s be the prime factors in the 
numerator, and a, 6, c and d those in the denomina- 
tor; then, since the fraction is in-its least terms, not 
one of the primes in the denominator can be equal 
to any one in the numerator; the square, therefore, 
ppqgqrrss 


———, or any power of. the fraction, cannot have 
aabbccdd’ YP , 
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any of the prime factors in the numerator and deno- 
minator equal one to another; so that the power of 
the fraction is still a fraction, and cannot become an 
integer. 

Surd quantities are such as cannot be accurately ex- 
pressed in numbers: of these the most obvious are 
the inexpressible roots of numbers in various cases, 
as the square root of 2, kc. In general the roots of 
integers are either integers or inexpressible in num- 
bers, and consequently surds; the existence of which 
may be demonstrated in the following manner: Let 
A be any integer not having an integral root, I say 
that its root is a surd: for, if possible, let its reot be 
rational, or expressible in numbers.- Now, since the 
root is not an integer, it must consist of an integer, 
and an irreducible fraction less than unity, and is 


m . ; 
properly expressed by a+—; a being the integer, 
m . . oT 
and ~~ the fraction, which is in its least terms; then 
an-+-m 


1 


principle above shown, any power of this fraction is 

an irreducible fraction. But by hypothesis a power 
c an+m 

) 





is also a fraction in its least terms, and by the 
Sa 





=the integer A; the same quantity, there- 
n 


fore, is both an integer and an irreducible fraction, 
which is impossible; and hence the root A is a surd 
quantity. 9, £. D. 


VI. Quest. 34. Solved by the Rev. Thomas P. Irving, 
Newbern, North-Carolina. 


Let OB be the horizontal A 
plane, AB the height of the oe 
tower, O the ebject,and AC the => B 
straight line bisecting BAO, Cc 


the complement of the angle of 
depression, and intersecting the plane OBin P. In 
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the right angled triangle ABP, AB=118 and BP= 
115 feet are given to find the angle BAP=44° 15’ 


44"4: consequently its double 88° 31’ 28"8=BAO, , 


the complement of the angle of depression. Again, 
in the right angled triangle ABO, the side AB and 
the angle BAO are given, # find AO, the distance 
of the object O from the top of the tower=4583-1 
feet. . 


The same, solved by Robert Adrain, York-Town, Penn- 
sylvaniae 

Let AB=118 feet=the given height of the tower, 
O the place of the object, and AP the straight line 
which bisects BAO, the complement of the angle 
of depression, making BP=115 feet, on the horizon- 
tal plane BO: also let BC, parallel to AO, meet AP 
produced in C. Because BC is parallel to AO, the 
angle BCA=OAC=BAC; therefore BC=BA, and 
by pro. 27, book 2, Emerson’s Geometry, CP.PA= 
BA*—BP*.. By similar triangles CP: PA:: BC= 
BA: AO; but CP: PA:: CP.PA: PA? :: BA7— 
BP* : BA*+BP’,, consequently BA7—BP* : BA?+ 
Br? :: BA: AO=4583:093 feet, the distance sought. 
VII. Quest. 35. Constructed by Ry Patterson, jun. 

Philadelphia. 


Let AB be the given side, , 
and DAB the given angle; 


from the point B draw BE 
perpendicular to AD, bisect Cc pile 


AE in C, and join CB; then. rg aN 


is ACB the triangle requir- 





ed. For by prop. !2,;book2, 4 
Euclid, AB* =BC*+AC* _ 
+2.AC.CE. And since AB* is a constant magni- 


tude, it is evident that BC*+AC* is a minimunz 
12 sy 
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when AC.CE is a maximum. But it is easily infer. 
red from prop. 5, book 2, Euclid, that AC.CE isa 
maximum, when, agreeable to the above construction, 


AC=CE: therefore, in the triangle ACB, in which’. 


AB and the angle CAB are given, the sum of thé 
squares of AC and CB is a minimum, as was re- 
quired. 

Corollary. When the given angle DAB is either 
equal to or greater than a right angle, this problem 
is impossible. 


The same, constructed by the Proposer, William Lenhart, 
York-Town, Pennsylvania. 


Let DAB be the given angle, and AB the given 
side; bisect AB in P, through P draw PC perpen- 
dicular to AD, and join CB: then ACB is the trian- 
gle required. For CP is drawn from the angle C to 
the middle of the base AB, and therefore, by prop. 
28, book 2, Emerson’s Geometry, 2,.AP*+2.CP? = 
AC*+CB?* =a minimum, by the question. But since 
AP is a constant magnitude, AC*+CB? is a mini- 
mum when PC is a minimum; and, according to this 
construction, PC is a minimum when it is perpendi- 


cular to AD, for the angle DAB is given; therefore 


AC?+CB? is a minimum, as was required. 


VIII. QuEst. 36. Solved by Thomas Maughan, Quebec 


Let ABCD be the hoop, aS 
O its centre, C,its point of . 





contact with HN the hori- NS 
zontal plane, anc P a vari- a) 
able position of the pointin y- B 


question. The impinging 
force of the blow at the 
point P will be the greatest 





possible when itis struckin FZ Cc N 
the direction of the radius. For let OPS be a radius 
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produced through the point P; and in any other di- 
rection draw Ps=PS, the former representing the 
absolute force of the blow in the direction Ps, and 


“the latter that in the direction PS; from s draw sé 


perpendicular to OS; then 4P is the impinging force 
of the blow when struck in the direction sP, and SP 
is the impinging force of the same when struck in 
the direction SP. Hence PS==Ps, is evidently greater 
than 46P, as was to be shown. Again, it is plain that 
the impinging force alone must here turn the hoop 
about C, the centre of motion: for 4s, parallel to the 
tangent P’T, cannot contribute to that effect. Let us 
now suppose the hoop to be struck at P, in the direc- 
tion of the straight line SPO, in which SP represents 
the absolute force of the blow; on SPO produced, if 
necessary, let fall the perpendicular CE: then, by 
mechanics, the effect of the force SP, in turning the 
hoop about the centre of motion C, is as SP.CE, =a 
maximum by the question. But since SP is con- 
stant, this effect must be a maximum when CE isa 
muaximum; that is, when CE coincides with and be- 
comes equal to CO; or when P coincides with B, 
and SPE coincides with the direction of BD, the di- 
ameter parallel to the plane of the horizon. Hence, 
then, the hoop must be struck ‘in a horizontal direc- 
tion, on the end of the diameter which is parallel to 
the horizon. 


IX. Quest. 37. Solved by Robert Adrain. 


Cnthesphericalearth whose p D A 
centre is C, let W and M repre- 
sent the positions of Washing- |< 
ton and Madrid, and MDW ‘ ™ 
the arc of a great circle inter- 
cepted between those cities; 
in CW and CM produced let 
WA and MBrepresent the two C 
towers, of such heights that 
their summits may just be visible from each other, 
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ference of long. 74° 3’ converted into time, gives 4m 

56m. 12se Therefore 2h.+4h. 56m. 12s.+5h. 2inb 

6se=17m. 18s. P.M. the true time of the day at. 
Madrid when the sound will be heard at the top of 
the royal tower. Q. E. I. 


X. Quest. 38. Solved by Fohn Capp, Harrisburg, 


Pennsylvania. 


Let the three numbers sought be denoted by x, y, 
and z Put x+y+2=a, xy+x2+y2=—f, and xyz=9; 
then by prob. 75, sect. 11, Simpson’s Algebra, a*— 
2p=6, the sum of the squares of the three required 
numbers, a3—3ap+S3g=—c, the sum of their cubes, 
and a+—~4a7p+4ga+2p? =d, the sum of their biqua- 
drates. From these three equations we readily ob- 
tain at+—6éa? +8ca+3b7—6d=0, which, when 6?7= 
2d, becomes a3—6éa+8c=0, a cubic; and, conse- 
quently, by the rules of biquadratics, or of cubics, 
according to the case, the value of a will be found: 
and hence f and g will be determined. Lastly, from 
the three equations x-+-y+2=a, xy+xz-+-yz=/, and 
xyx==g (a, p, and g being now given quantities), we 
have 23—az?+/z—q=0, the three roots of which 
are evidently =x, y, and z, the numbers required. 


XI. Prize Quest. 39. Solved by Sohn D. Craig, Phi- 
ladelphia. 


It is well known that the convex 
surface of a conic frustum touches 
a plane in a straight line; and that A 
when such a frustum lies with its 
slant side upon a horizontal plane, 
a vertical plane passing through. 
the horizontal line of contact will 
also pass through the axis of the 
frustum. Now let DC represent H DPD. CN 
the line of contact of our golden frustum with HN, 


B 

















the plane of the horizon, ABCD a section of this 
frustum cut by a vertical plane passing through DC, 
and consequently through EX, the axis of the frus- 
tum. Then, since an imperceptible touch tumbled 
the body on its smaller end, it is evident, from a 
principle in mechanics, that a straight line DG per- 
pendicular to HN, must intersect the axis EX in G, 
the centre of gravity of the frustum. Draw DF pa- 
rallel to EX, and put BC=d=60, AD=a=48, and 
EX the altitude of the frustum=x; then from the 


‘ b—a 
nature of a right cone EC an———-=n6 aed, and by art. 


_, 36?-+20b+22 
9 ’ ‘C= - z 
12, Dr. Hutton’s Misc. Math. EG= iabiee Xa% 


the distance of the centre of gravity from the smaller 
end of the frustum, which expression may be assum- 
ed=2mx. Further in the similar triangles DEG and 


d 
DFC, DF=x:FC=dsDE=}a:EG=— =} mx; cons 





sequently wav 2d = 24/65 =16+37723238090048 


feet, the altitude of the frustum; and therefore, by 
mensuration, the solidity of the frustum will be found 
=37661*8340276659 feet. Lastly, the specific gra- 
vity of common water is to that of pure gold as | to 
19°64, a cubic foot of water weighs 1000 ounces 
, avoirdupoise, and according to the Encyclopedia Bri- 
tannica the avoirdupoise pound is=7004 grains troy; 
hence a cubig foot of pure gold weighs 358225: 416 
dwts. which, multiplied into the above solidity of the 
frustum, gives 13491426186:991 dwts. consequently 
the value of the frustum is 13491426186 dollars and 
99 cents. 
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Diarius Yankee, Bunker’s Hill, 1, 2, 3, 4, 5, 6, 7, 8, 9,.- 
N. Young, Lexington, Ken. Sf. .-% "41, 
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ARTICLE XV. 
A Disquisition concerning the Motion of a Ship which is 
steered on a given Point of the Compass. By RopERT 
ADRAIN~ 


DEFINITION. 
In the following essay a ship is said to be steered 
en a given point of the compass when she sails in 
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such a manner that her keel or upright longitudinal 
section coincides with the meridian on which she is, 
ér makes an angle with each successive meridian 
equal to the angle contained between that meridian 
on the same side of ‘it towards the same parts and 
the proposed point of the compass. 

Corollary. According to this definition a ship may 
be steered on one point of the compass and yet sail 
on a different point. 


Proposition I. ProspuEem. 


If a tube be laid along a given parallel of latitude, 
and a ball be projected therein with 2 given velocity, 
it is required to determine the pressure of the ball 
against the tube in a horizontal direction, granting 
the earth’s true figure and rotary motion. 


SoLUTION. 


Let PQ/E be a meridional 7 
section of the earth through 
the axis PC/, P and # being 








the poles, C the centre, ECQ P 

a diameter of the equator, and Me 

LMN a diameter of the paral- LZ M We 
lel along which the tube is laid. @ 
Let the straight line NT touch C Q 


the meridian in N, and meet 
the axis of the earth produced 
in T; also in MN produced 5 
take any point a, and on TN é 
produced let’fall the perpendicular ae. The earth 
being an oblate spheroid, its simple attraction ona 
particle of matter at any point N between P and Q, 
is not at right angles to the surface at N, but gives 
the particle a tendency to move along the meridian 
towards the nearest pole P. This tendency of the 
particle at N is precisely balanced and counteracted 
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by the effect of the centrifugal force of the particle 
remaining on the same point of the parallel on the 


earth, and consequently revolving uniformly in the » 


circumference of a circle about the centre M, by the 
earth’s uniform rotation on its axis, in 23 hours 56 
minutes and 4 seconds. The particle therefore at N, 
which continues on the same point of the earth’s sur- 
face, has no absolute tendency either towards the 
equator or the nearest pole: were this not the case, 
it is manifest that the earth could not preserve its 
present form. That the centrifugal force of a parti- 
cle at N revolving in the parallel, gives it a tendency 
to move along the meridian towards the equator, is 
easily demonstrated thus: The particle at N revolys 
ing in the circumference of a circle about M, has a 
centrifugal force, by which it endeavours to recede, 
in the plane of that circle, from the centre of its cir 
cular motion. Let Ne be the measure of this cen- 
trifugal force, and let the force Na be resolved into 
the two forces Ne, ea; with the force Ne itis evident 
the particle or ball tends along the meridian towards 
the equator; but the force ea being at right angles to 
the earth’s surface at N, has no effect on the ball in 
a horizontal direction. When the ball therefore is 
relatively at rest on the surface of the earth, that is, 
when it continues on a given point of the parallel, it 
is in fact revolving eastwardly with a uniform mo- 
tion about the centre of the parallel, by the earth’s 
uniform rotation on its axis; and, In consequence of 
this, it tends along the meridian NQ towards the 
equator. But this tendency being precisely equal to 
the effect of gravity on the bail in the opposite direc 
tion, the ball in this case has no pressure whatever 
on the tube in a horizontal direction. If the ball be 
projected eastwardly in the tube, its absolute velocity 
will now be greater than before, and its centrifugal 
force being also greater, its tendency along the me- 
ridian towards the equator will exceed the force of 
No. 5e K 
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gravity in the opposite direction; and by this excess 
the ball will press against the tube horizontally. to- 
wards the-equator. If the ball be projected west- 
wardly with a relative velocity in the tube less than 
twice the absolute velocity of a given point of the 
parallel eastwardly, the absolute velocity of the ball 
westwardly or eastwardly round the axis of the earth 
will be less than the absolute velocity eastwardly of 
a given point of the parallel, and therefore its centri- 
fugal force will be less than if it had been relatively 
at rest on the parallel at the given point N; conse- 
quently its tendency along the meridian towards the 
equator will be less than the force of gravity in the 
opposite direction, so that in this case the ball, by 
that excess, will press herizontaily on the tube to- 
wards the nearest pole. When the relative velocity 
of the ball in the tube westwardly is just equal to the 
absolute velocity eastwardly of a given point of the 
parailel, by the earth’s rotation about its axis, the 
ball will have no angular motion round the axis, and 
therefore no centrifugal force, and consequently no 
tendency along the meridian towards the equator; its 
horizontal pressure against the tube towards the 
nearest pole is therefore in this case a maximum, 
being the whole effect of the horizontal .gravity. 
When the relative velocity of the ball in the tube 
westwardly is equal to twice the absolute velocity 
eastwardly of a given point of the parallel, the abso- 
jute velocity of the ball westwardly will be equal to 
the absolute welocity of a given point.of the parallel 
eastwardly; therefore, in this case, the effects of gra- 
vity and the centrifugal force along the meridian be- 
ing equal to each other, the ball will have no hori- 
zontal pressure on the tube. Lastly, the reader will 
easily see, that when the relative velocity of the ball 
in the tube westwardly is greater than in the last case, 
the ball will press horizcntally against the tube to- 
wards the equator. 
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Let us now investigate the absolute quantity of the 
pressure, and compare it with the weight of the ball. 
Put a=the given relative celerity of the ball in the 
tube, v=the absolute velocity of a given point of the 
parallel, by the earth’s rotation on its axis eastwardly, 
x=MN the radius of the parallel, t=:NT the tangent 
of the elliptic polar distance PN, and g=the measure 
of the accelerative gravity towards the earth at N, 
which is 32% feet nearly. The measure of the ball’s 


eentrifugal force in the direction Na is well known to 
vs 


be —, when it continues on a given point N of the 


vordiig parallel; and by similar triangles, as T N: 
2 2 

MN:: Na: Ne, that is, as t:x:: . : » which is the 
measure of the ball’s tendency along the meridian NQ 
towards the equator, resulting from its centrifugal 
force when at relative rest in the tube, and therefore 
is also the true measure of the force of gravity in the 
opposite direction, arising from the oblate figure of 
the earth. But when the ball moves eastwardly in the 
tube, with the velocity a, its absolute velocity east- 
wardly is v-+a; consequently its centrifugal force Na 


2 

+0] q . . . 

acai » and by similar triangles as before, we have 
x 











2 
Newott =the measure of the ball’s horizontal ten- 


dency towards the equator, arising from its centrifu- 
2 


. ° v 
gal force. From this quantity we must’ subtract — 


which measures the effect of srav ity in the pe 3 
2 wg? 2 
v+a’ _2av+e@ for 

“fj t 
the true measure of the ball’s horizontal pressure on 
the tube towards the.equator; therefore, in this case, 
as-g: ete 


direction, and there remains 





, So is the weight of the ball to its hori- 





zontal pressure on the tube. When the ball has a 
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relative velocity in the tube westwardly less than 9, 
then v—da is its absolute velocity eastwardly, and 


*—« its tendency towards the equator ina horizontal 
t 





direction, arising from its centrifugal force, which 


. v2 220 em 2 
being taken from -" leaves ae 





for the measure 


of the ball’s horizontal pressure against the tube to- 
wards the nearest pole. In a similar manner the 
other cases of this proposition may be readily inves- 
tigated. 9, £.J. 

Cor. 1. In computing the pressure, it will be suffi- 
ciently accurate to consider ¢ as the tangent of the 
co-latitude, to r the radius of the earth taken asa 
globe. 

Cor. 2. By substituting for v its value in termsof 
x, r, and é the velocity of a given point of the equa- 
tor revolving about the earth’s axis,’ we shall obtain 
other formulas exhibiting the quantity of pressure 
sought. 

Cor. 3. If any body whatever move along a parallel 
of latitude eastwardly or westwardly with any pro- 
posed velocity, it is manitest that its absolute tendency 
to or from the equator in a horizontal direction is 
truly measured by the preceding formulas, according 
to the several cases. 

Lemma. If a ship be steered on a given point of 
the compass, she must necessarily sail on the same 
point when the forces which act on her towards oppo- 
site sides, at right angles to her length, such as hydro- 
static pressure, centrifugal force, gravity, &c. exactly 
balance each other, and mutually destroy each other’s 
effects; but if those opposite forces be unequal, the 
ship must gradually leave the line of direction in 
which she is steered (being acted on by an unbalanced 
force), and deviate on that side towards which the un- 
balanced force is directed. This lemma is too evident 
to require demonstration. 
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Proposition II. THEOREM. 

If a ship in any latitude steers due east with any 
velocity, or steers due west with a velocity greater, 
than twice the velocity of a given point of that lati- 
tude eastwardly, by the earth’s rotation on its axis, 
she will gradually deviate from that latitude, and ap- 
proach towards the equator: if her velocity due west 
be equal to twice the velocity of a given point in that 
latitude moving eastwardly by the rotation of the 
earth, she will continue in that latitude, and describe 
the parallel; but if her velocity due west be less than 
in the case last mentioned, she will gradually deviate 
from that latitude. towards the nearest pole; and 
when her velocity west is just equal to the rotary 
velocity east of a point on that latitude, her deviation 
towards the nearest pole will, ceteris paribus, be a 
maximum. .- 

DEMONSTRATION. 

Case 1. Let the ship be steered due east, and sup 
pose, if possible, that she describes the parallel of la- 
titude. The action of the wind may be considered 
as in a due east direction, because the effect of its 
obliquity in producing leeway is no part of the present 
inquiry. The resistance of the water is in adue west 
direction, and its hydrostatic pressures on the oppo- 
site sides of the ship are precisely equal to each 
other. These things, therefore, have no influence 
in urging the ship from the parallel. But by Cor. 3, 
Prop. 1, she has an unbalanced tendency towards the 
2av-+a* 

t 
to the notation made use of in that’ preposition: 
therefore, by the preceding lemma, the ship will 
leave the parallel, and deviate towards the equator ; 
but, by hypothesis, she must continue on the parallel 
at the same time, which is impossible: -and still more 
unreasonable, -if possible,.is it to suppose that she 
would, in this case, deyiate from the parallel towards 

K2 


equator, of which the measure is 





» according 
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the nearest polee In the same manner may the re- 
maining cases of this proposition be easily demon- 
strated. 

Proposition II]. ProsLem. 

If a tube be laid along a meridian, and a ball be 
projected therein with a given velocity, it is required 
to determine the pressure of the ball against the tube 
in a horizontal direction, granting the earth’s true 
eure and rotary motion. 

SOLUTION. 

Case 1. Suppose the ball to move from the nearest 
pole. Let PQRS be an exceedingly small part of 
the earth’s surface, which may be considered as a 
plane. Let the ball be at A, proceeding along the 
tube towards C, and in the given particle of time in 
which the ball would move uniformly from A to C, 
with the velocity at A, Iet the tube AC, Q 
by the earth’s uniform rotation east- 
wardly about its axis, come into the po- 
sition BE, its points A and C having 
described the very small unequal arcs 
of parallels AB and CE. Let CA, EB 
be continued out in straight lines to 7 
mect the earth’s axis produced in T, 
and let BD be drawn parailel to AC. 
Now AC, AB, and the diagonal AD, 
measure respectively the velocity of the 
bail along the tube, its circulatory velo- 
city in the parallel at A about the earth’s 
axis, and its absolute velocity at A. The 
ball, then at the end of the given time, 
is found at E, in the parallel CE; but 
if it had been acted on by no horizontal 
force, it would have been at D, having 
described the diagonal AD instead of 
the curve AE. The pressure of the 
tube eastwardly has caused the ball in 
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right angles to the tube; therefore 2DE is the proper 
measure of the ball’s pressure against the tube in a 
due west direction; and we may add, though it is 


yerv obvious that this measure cannot in the ieast be 


affected by any gravity, or centrifugal force, which 
acts in the direction of the tube itself AC. 

To compute DE, we have, by similar triangles, as 
TA: AB::BD: DE, thatis, using the same notation 


av 
as in the * eceding propositions, as t:v::a: = 


DE, and - — is the true measure of the ball’s pres- 


sure on the tube in a due west direction; consequently 


2av 


as gi ——:: the weight of the ball: its horizontal 


pressure on the tube. 

Case 2. By the same method of investigation we 
discover, that when the ball moves towards the nearest 
pole, its pressure against the tube in a due east di- 


rection will be properly expressed by ~—. 9,£.1 


Cor. 1. If any body whatever move slate a meri- 
dian, from or towards the nearest pole, it will have 
an absolute horizontal tendency in a due west or due 

2av 
east direction, of which the measure is -——. 
t 

Cor. 2. Because the effect of the ball’s centrifugal 
force, in urging it towards the equator, is equal to 
that of the horizontal gravity in the opposite direc- 
tion, it is evident that the ball will proceed either way 
along the tube with a uniform velocity. 


Proposition IV. JHEOREM. 


If a ship be steered in a meridional direction she 
will not describe a meridian, but when moving from 
the nearest pole will deviate westwardly, and when 
moving towards the nearest pole will deyiate east. 
wardly from each successive meridian. 
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DEMONSTRATION. 


Suppose the ship, if possible, to describe a meria- 


dian. By Cor. 1, Proj. 5, she has an unbalanced ten- 
dency at right angles to her length, and, therefore; 
by the Lemma she must leave the meridian; but by 
hypothesis she must continue on the meridian at the 
same time, which is impossible. Wherefore, &c. 
9, £. D.- 

Proposition V. Pros. 

Ifa tube be laid along any given oblique rhumb-line, 
and a ball be projected therein with a given velocity, 
it is required to determine the pressure of the bail 
against the tube in a horizontal direction, granting 
the earth’s true figure and rotary motion. 

Solution. Let PQRS be an exceedingly small part 
of the earth’s surface, which may q R 
be considered as a plane, and AL ; TY, . 
a very small part of the tube. IM nN 

Case 1. Suppose the ball to move ; W\ \ 


in the tube frem the nearest pole | ro 

eastwardly, that is, along the tube \ 
AL, from A towards L. Let AC } \ \ 

be a tangent to the rhumb-line | R) ee 
AL at A, and AT a tangent to L__3) A 
the meridian at A, meeting the S 
earth’s axis preducedin T. In the given par- 
ticle of time in which the ball, with its velo- 
city at A, would uniformly describe AC, let 
the whole figure TACL move uniformly due 
east into the position TBEM, by the revolu- 
tion of the earth about its axis; complete the 
parallelogram BACD, and draw DEF at right 
angles to the tangent BE, meeting when pro- 
duced the rhumb-line in F. Now, if the ball 
had not been acted on by any force in a hori- ak 
zontal direction, it would have been.at D in- 











\ 








stead of being at F, at the end of the given: time. 
Excluding therefore the effect of the ball’s centrifu- 




















gal force and the horizontal attraction, the pressure 
of the tube against the ball eastwardly, and conse- 
quently of the bali against the tube westwardly, will 
be accurately measured by 2DF; the ball’s velocity 


in the tube being measured by AC, and its circula- ~ 


tory velocity about the axis of the earth by AB. And 
since the earth’s attraction on the ball in the direction 
AT, is precisely counterbalanced by the effect of the 
centrifugal force in the opposite direction, it follows, 
that these united have no influence on the horizontal 
pressure of the ball, or on its motion along the tube, 
which will therefore continue uniform. We are now 
to investigate the value of DF, which, in this case, 
consists of the two parts DE, EF. The part DE is 
the very same as if the ball had moved along the me- 
ridian with the given velocity, for it is easy to see 
that the triangles TAB and BDE are similar; conse- 
quently TA: AB:: BD: DE, thatis, ¢:0:: a: — 
DE. Again, the curve line BFM being a part of a 
rhumb-line on the surface of the earth, makes equal 
angles with all the meridians intersecting it: and 
since all these meridians within the space PQRS may 
be taken for straight lines, which continued would 
pass through T; therefore BF M, on the plane PQRS, 
is the arc of an equiangular spiral, having its centre 
in T. Let s=the sine of the given angle TAC or 
TBM to radius 1, and (still retaining the former no- 


. 0, ll 
tation) the radius of curvature at B being 3 we have 


2EF=BE?+ f=" » to which add 2DE= om, and 


2va+sa* 


the sum —_ is, in this case, the measure of the 
, . ‘ 2av0-+-sa* 
pressure required; therefore as g is to oe a 


is the weight of the ball to its horizontal pressure 
against the tube westwardly. 
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Case 2. If the ball move from the nearest pole 
westwardly, the horizontal pressure will be found ii 
rs 2av— sa? 
a similar manner to be a, nn westwardly, suppos- 


2 —_ 
ing 2av greater than sa ; but if less it will be = — 





eastwardly. 
Case 3. If the ball move towards the nearest pole 


eastwardly, the pressure sought will be 2av-+sa* 





eastwardly. 
Case 4. If the ball move towards the nearest pole 


aV—SaQ 


2 
westwardly, the pressure will be : eastwardly 


$a? —2av 








if 2av exceed sa*, otherwise westwardly. 


Cor. If any body whatever move along an oblique 
rhumb-iine, its horizontal tendency towards the east 
or west at right angles to its path is truly exhibited in 
this proposition according to the several cases. 


Proposition VI. JREOREM. 


If a ship be steered on any oblique given point of 
the compass, she will not describe the true rhumb- 
line which the compass points out, but will deviate 
from it towards. the east or west, according. to the 
several cases of horizontal pressure demonstrated in 
the last proposition. 

The demonstration of this proposition is derived 
from the lemma and the corollary to proposition 5, in 
the very sarhe manner as the demonstration of pro. 
position 4, from the lemma, and corollary 1, propo- 
sition 3. 


SCHOLIUM. 

By help of the principles contained in this disqui- 
sition, and the known properties of air, we may ac- 
count in a rational manner for the principal phene- 
mena of the Trade Winds and Monsoons.. 
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ARTICLE XVI. 


New Ovesrions to be solved in the next Number. 


I. Quest. 40. By G. Baron, New-York. 

Without any regard to the derivation of words, I 
wish to know what our mathematicians understand 
by a fraction; and whether the terms of a fraction 
ought always to be considered as homogeneous quan- 
tities. 

II. Quest. 41. By R. Patterson, jun. Philadelphia. 

Given any two sides of a right-angled plane trian- 
gle, to discover a general rule, for finding the third 
side, by a numerical operation that shall be the short- 
est possible. 


III. Quest. 42. By T. Bulmer, Sunderland, England. 

Prove that any number divided by 9, and the sum 
of its digits divided by 9, leave equal remainders; 
and determine whether this is an absolute property 
of the number 9, or merely an effect of our present 
notation. 


IV. Quest. 43. By $.Craggs, near Richmond, Virg. 
Prove that the sum of the series 1, 3, 5, 7, 9, &ce 
continued to any number of terms n, is equal to n*. 


V. Quest. 44. By Diarius Yankee, Bunker’s-Hill. 
If 2 be 3, and 3 be 5, and 64 be 11, 
What is the 4 of 26, and the 4 of 27? 


VI. Quest. 45. By Eben. R. White, Danbury, Connect. 

Gives one side of a trapezium and the two adjacent 
angles to find the length of two equal sides, contigu- 
ous to the given side, when the area of the trapezium 
is a given quantity. 


VII. Qutst. 46. By W. Lenhart, York-Town, Penn. 
In a plane rectilineal triangle, if from one of the 

angles adjacent to the base a straight line be drawn 

per 'pendicular to the opposite side, then shall the 
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rectangle contained by the side on which the perpen- 
dicular falls, and the part intercepted between the 
vertical angle and the perpendicular, be equal to the 
difference of the squares of the straight line drawn 
from the vertical angle to the middle of the base and 
the semi-base; required a demonstration. 

VIII. Quest. 47. By Fames North, Philadelphia. 

A hole was made in a vessel filled with wine, and, 
at the same instant, a supply of water was contrived 
to keep the vessel constantly fuil: the content of this 
vessel was 100 gallons, and the hole discharged one 
gallon of the mixture every 10 seconds. Now sup- 
posing the liquor to be always equally diffused 
throughout the vessel, how much wine remained in 
the same one hour after the hole was made? 

IX. Quest. 48. By R. Patterson, jun. Philadelphia. 

The plantations of two neighbours are separated 
by a zig-zag fence, and it is required to determine 
geometrically the position of a straight-lined fence, 
that shali be the shortest possible, to separate these 
plantations, without altering their respective areas. 

X. Quest. 49. By Ben. Cheetham, Billiard-Hall, 

Required a general theorem for finding the centre 
of gravity of the frustum of any pyramidical body. 

XI. Quest. 50. By the Editors. 

Given x-+y-+z=a, xy+xz+yz=6 and xyz=c, to 
find x, y, and 2. 
XIT. Prize Quest, 51. By Thomas Maughan, Quebec. 


{The author of the best solution to this question shall receive a handsome silver 
medal, .walue six dollars. } 


A ship from a port in lat. 80° N. and long. 60° W. 
was steered eastwardly in such a manner that her 
distance sailed was always equal to her difference of 
longitude; the earth being spherical, in what latitude 
would her difference of longitude be 180°, and in 
What longitude would her latitude be 40° N.? 
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ARTICLE XVII. 


; “ , 
SoLuTIONS of the Quesrions proposed in Arrvicre XVI. * 


I. Quest. 40. Solved by G. Baron, New-York. 


The question is, “ What our mathematicians un- 
derstand by a fraction, and whether the terms of a 
fraction ought always to be considered as homogene- 
ous quantities?’ Were we to examine the various 
modern treatises written on the subject, we might, 
probably, conclude that our mathematicians have no 
determinate idea of a fraction. Some have defined 
a fraction to be a part of a number ;* but the fallacy of 
this definition may be readily shown: for a number 
is a determinate multitude, or a definite plurality of 
units, considered without any regard to extension, 
and that which is not extended cannot be parted or 
divided; consequently a unit is the smallest possible 
part of any number. But it is well known to mathe- 
maticians, that whatever a fraction may be, it is fre- 
quently less than a unit; and hence the definition is 
false. It may here be observed, that a number has 
an infinite variety of multiples, but its parts are finite, 
and often exceedingly limited: thus in the number 
12, its multiples are 24, 36, 48, 60, 72, &c. without 
end; but its parts are limited to 1, 2, 5, 4, and 6, 
whose denominators are 12, 6, 4, 3, and 2. A prime 
number has no part but a unit, and the number itself 
denominates the part. It is, therefore, abundantly 
evident that the limited nature of the parts of num- 
bers is utterly inconsistent with the general sense in 
which fractions are universally used. Others have 
defined a fraction to be a part of something considered 


* Definitions of the words mudtiple,j part, and denominator, 
may be seen in page 1 and 2 of this wark. 
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as awholee Something considered as a whole is z 
vague expression, to which we cannot easily annex a 
mathematical idea; but since, from the general usage 
of fractions, this something is capable of being in- 
finitely divided into parts, it must possess extensiva, 
a property which belongs to the subject of geometry, 
or that of the science of magnitude; for we have 
already seen, that the division into parts here sup- 
posed cannct be universally applied in dividing or se- 
parating numbers,into parts or equal parcels. Again, 
from the general usage of fractions we know that this 
something, considered as a whole, and its various 
parts, are always expressed by means of numbers; 
but a magnitude and its various parts cannot be uni- 
versally expressed in numbers, but by means of some 
known measure, considered as an infinitely divisi- 
ble unit; and it is well known to mathematicians, 
that magnitude so expressed is called quantity. 
Hence then this something, considered as a whole, 
must be quantity. From these cursory cognitions it 
appears to me that quantity, and not numéer, is the 
subject of fractions, and that a fraction is a part of a 
quantity. Let now m represent a quantity of any 
kind, and n any abstract number, then, according to 


. = 
a general custom, — will represent the nth part of m, 


and is, therefore, a fraction. The pure number 2, 
and the quantity m, are the terms of the fraction, and 
oi consequence can never be homogeneous. I am 
well aware that, to superficial mathematicians, the 
conclusion here.drawn will appear to contradict the 
scholium in page 95 of this work; but if such men 
ever discover what is really meant by dividing one 
fraction by another, the apparent contradiction wilt 
instantly vanish. 
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» Quest. 41. Solved by the Rev. Thomas P. Irving, 
Newbern, North-Carolina. 


Put A=the hypotenuse, p=the perpendicular, and’ 


=the base of a right angled plane triangle; then 
from prop. 47, book 1, Euc.. we deduce the three 


following theorems: 


he J PTO pV Pap ab PoP ie 
——_— 

p= Sh? — ih? 6? = Sh +or.h—o. 

b= Sh? —p? = /n+pxh—p. 
Here it is plain that the values of # and 4 may be 
readily found by logarithms; and our friend, Mr. 
White, has, in page 70 and 71 Math. Corr. shown 
us an easy logarithmic process for finding the value 
of 4.. Hence then it appears from these theorems, 
that the required side may be found, Ist. by extract- 
ing the square root of the sum or difference of the 
squares: of the other two sides; 2d. by a table of 
squares and square roots; 3d. by a table of difference 
of latitude and departure; and, 4th. by a table of lo- 
garithms. No one of these methods will, however, 
resolve the question by means of an operation, in all 
cases, the shortest possible; nor does it appear to mt 
that the nature of the subject will afford the required 
theorem. 


The same solved by.the Proposer, R. Patterson, jun. 
y , J 
Philadelphia. 


Put h=the hypotenuse, p=the perpendicular, and 
b=the base of any right angled plane triangle. As- 
sume x=h—p, or h—4, according as / is greater or 
less than 6; then, from prop. 47, book 1, Euclid, we 
have the three following equations: 

. h?=h—x? = or A—x * 4p, 
. p* ash? —)— x “ 


. 6>=h? mang” . 


ad bd 











=) eg , . 








( 120 ) 


' 6? 
From the first of these equations, x=37——5 or 


2 
sf which, by writing + or 64+ for h, becomes 
Me a = ; from the second, x==>-— - and 
=2p+x° F 26+% 2h—x? ’ 


- 
*- 





from the third, x= » Hence we obtain the two 


follow 


Zhan xX 






rules. 

1. Divide the square of the less side by twice 
the greater, always increasing the divisor by the two 
last figures of the quotient as they occur, and the 
quotient added to the greater side will give the hypo- 
tenuse. 

Rule 2. Divide the square of the given side by twice 
the hypotenuse, always diminishing the divisor by 
the two last figures of the quotient as they occur, 
and the quotient, subtracted from the hypotenuse, 
will leave the side required. 


ExAMPLE IN RULE 1. 
Given. the base and perpendicular of a right angled 
plane triangle, =30 and 319 respectively, to find the 


hypotenuse, true to the nearest figure in the sixth 
place of decimals. 


OPERATION. 
319==ereater side 
638) 900 ( 1407553 

















1 689 320°407553==hypotenuse required 

639 26100 
14 26616 

6404 48400 

4 44856 

6408 3544 

3204 

340 

$20 





20 
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ExAMPLE IN RULE 2. 


In a right angled plane triangle the hypotenuse= | 
427, and one of the sides=49, are given; to find the’ 
other side, true to the ne.rest figure of the sixth 
place of decimals. q 


OPERATION. 


427 =hypotenuse * 


854) 1600. ( 1°877665 

















l 853 : . 
sane —__.- 425*122335=side required 
853 74700 

18 68096 
8512 660400 ° 

87 595231 
85033 65169 
77 59518 
8502,53 5651 
7 5101 
850,246 550 
510 

40 


Scholium by the Editors. 


Aithough we admit that in some particular iné 
stances the above two rules may not find the requirec 
side by the shortest operation possible; yet, in many 
of the cases which commonly.occur, they will cer- 
tainly render the calculation shorter than the custom- 
ary methods. We think proper here to inform our 
young readers, that in prob. 88, book 1, Emerson’s 
Algebra, these rules are demonstrated and applied 
to the resolution of quadratic equations. - 


L3- 














II]. Quest. 42. Solved by Robert Adrain. 


Let r=10, and a, 6, c, &c. the digits of any num- 
ber in our notation: then the number itself will be 
ar*-ér+-c, from which taking the sum of its digits, 


a+b+-c, tl there remains axr* —1+6xr—1=(exr+l 


-+-6) gee I= (axr+1 +6)x9: since, therefore, the 
diffe e between any number and the sum of its 
digits is divisible by 9, it evidently follows that the 
number and the sum of its digits, divided by 9, leave 
either none or equal remainders. Further, since 
r—i in any other system would not be equal to 9, 
this is not a property of the number nine, bat merely 
an effect of our present notation. 


Scholium by the Editors. 


Our young mathematical friends will easily de- 
monstrate,. that the difference of the like powers of 
any two numbers is divisible by the difference of the 

same two numbers; or that x,” is divisible by x—7; 
and consequently that r-—1 is divisible by r—1; and 
hence they will easily perceive that Mr. Adrain’s 
clegant demonstration is not here limited to any par- 
ticular number of digits. 

The ingenious proposer, Thomas Bulmer, of Sun- 
derland, in England, after answering this question 
nearly in the same manner as above, adds, “ What 
ought we to think of some of our most eminent Eng- 
lish mathematicians of the present day, who have 
gravely informed us, that this property of the digit 9 
was unknown tothe ancients? The ancients could 
not possibiy be acquainted with an effect before its 
cause existed; and hence our profound sages might 
just as well have told us that old Pythagoras. was 
never on board an American gun-boat.” 
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V. Quest. 43. Solved by Fames MCormic, Carlisle, 
Pennsylvania. , 





1, 3, 5, 7, 9, &c. continued to 2 terms, is evidently 

a series in arithmetical progression, the common 

difference being 2, and the last term 1+n—1x2 or 

2n—1; hence, by a- well known theorem, the sum of. 

Qn—1+1 
2 






this series is= Xn=n7, as was to be proved.. 






V. Quest. 44. Solved by the Proposer, Diarius Yankees. 
Bunker's Hiil. 







By compound proportion 





3 

65:1 
26 

and per quest. 13:55: 21,255 The answers 
‘)2 2829 ( required. 


VI. Quest. 45. Solved by Robert Adrain. 





Let d=AD. the given side of the trapezium, a= 
the given area, m=sine, and m=cosine of the given 
angle A, and p=sine, and g=corine of the other 
given angle D: the radius being here considered=1. 
Also put the length of the required side AB=CD= 
x; and let BE and CF be perpendicular 
to AD: then BE=mx, AE=ax, CF= 
px, and DF =gx; and, consequently, 
AF =d—gx,and DE=d—nx. By men- 
suration BE.AF+CF -DE=twice the 


given area; that is, mx x d—cu+pxx SE ie D 
d—nx=dm +dpXx—mg+npXx* =2a, a 
quadratic equation from which « is easily found. 
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Scholium by G. Baron. 


Some negative Mathematicians will prob hat 
our learned friend ought here ta have rei hat 
the cosine of an obtuse angle is negative. 3ci- 
entific gentlemen, can any of you give @ ©orrcc! de- 
finition of a negative quantity?* If suc: a juantity 


cammot be defined, it must be either a creatury of 
your own imaginations, or somrething wich you do 
not rightly understand; and if you donot know what 
is meant by a negative quantity, you can have no de- 
finite idea of a negative cosine. Let us dive into the 
osezn of negative mysteries, when we have sounded its 
depths with the line of philosophy. If you contem- 
plate the above solution, you will easily perceive that 
the perpendiculars BE and CF must always fall either 
on AD or AD produced; and that the theorem for 
finding the double area of the trapezium is universally 
true. Now, if to cach of the different cases which the 
problem affords, you apply the same reasoning-here 
used by Mr. Adrain, you will be enabled, in a rational 
manner, to account for all the changes of the signs 
which will occur in certain terms of the final equa- 
tion; and hence you will see that this solution is 
universally true, and not limited to the case of acute 
angles. Remember that a solution and its final equa- 
tion are two things which differ essentially. 


VII. Quest. 46. Solved by Henry Smith, New-York. 


Let ABC be a plane rectilineal tri- 
angle, B its’vertical angle, and C i 
an angle adjacent to the base AC. E 
From C, at right angles to AB 
produced when necessary, draw the 
straight line CE; and from Bio D, A be 
the middle point of the base, draw the straight line 


* Jared Mansfield, in his Mathematical Essays, has attempted 
to define a negative quantity. Jared’s discourse on this subject 
reminds me of a Connecticut carle, who said that the moon was 
exactly the size of a johnny-cake. 
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BD. Then by prop. 25 and 22, book 2, Emerson’s 
Geometry, AB*’+BC*=AC*+2.AB.BE=4.DC’+ 


2.AB.BE. But by prop. 28, book 2, Emerson’s 
Geometry, AB*+BC* =2.DC*+2.BD’; consequent- ° 


ly 4.DC°+2.AB.BE=2.DC*+2.BD*, or DC*+ 
AB.BE=BD’: whence it is evident that AB.BE= 
BD*” DC’, as was to be proved. 


Corollary. From the above demonstration it is plain. 
that BD is greater or less than DC, according as the 
angle B is acute or obtuse. 


VIII. Quest. 47. Solved by the Proposer, Fames North, 
Philadelphia, 


Put c=100 gallons, the content of the vessel, s=10 
seconds of time, and x=the quantity of wine remain- 
ing in the vessel at the end of any variable time ¢; 
then from the nature of the question s:t:: 1 :4-=the 

8 
quantity wf the mixture discharged in the infinitely 


small particle of time t; and c:x::4:%: whence 
. e 8 


£=—*, whose fluent corrected gives hyp. log. 


ce x 
t 
x==hyp. log. Canine Now, assume f=3600 the num- 


ber of seconds in one hour, and put n=*43429448; 


and we have com. log. «=com. log. ¢— 7143653995 


consequently x=2+7 3237 gallons, the quantity of wine . 
required. 2. 

Corollary. ‘The wine would never be entirely ex- 
hausted in the vessel; for in the above general equa- 
Sion it is easy to perceive that when x=o, ¢ is infinites. 
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TX. Quest. 48. Solved by Ben. Cheetham, Billiard-Hall, 





P 








“Aart 


Let ABCD represent the two plantations separated 
by the crooked fence EFG, and let BC and AD be 


Straight lines. By a well known problem a straight © 


line G/ may be drawn, which will separate these en- 
closures, without varying their respective areas, 
Then, if BC be parallel to AD, a straight line passing 
through the middle of G/, and meeting BC and AD 
at right angles, will evidently be the required fence. 
But when BC and AD are not parallel, they may be 
produced to meet in some point. P.. In this case find 
PI=a mean proportional between P/ and PG; make 
PK=PI, and join KI, which will be the fenee re- 
quired. For in the triangles P/G and PIK, the-angle 
P is common, and by construction P/.PG=P1* = 
PI.PK, or P/: Pl:: PK: PG; therefore, by prop. 15, 
book 6, Euclid, the triangles P/G and PIK have 
equal areas;, and consequently KI separates the two 
plantations, without changing their respective areas. 
Also, since PI=PK, or the angle PIK=PKI; by the 
lemma to prob. 68, Appendix to Simpson’s Algebra, 
the straight line KI is a minimum, as was required. 


Corollary. In every case of this. problem the angle 
BKI is equal to the angle AIK. 

















all; . 
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X. Quest. 49. ‘Solved by Article 12, Dr. Hutton’s 
Miscellanea Mathematica. 


Let ABCD be the frusumofa DE @G 
right cone, EF its axis, and GH a 
variable straight line intersecting ly 
the axis EF, and parallel to DC the 
diameter of the base of the frus- Af i 
tum. Put DC=a, AB=, AB— 

DC=d, EF =A, °785398 k&c.=c, and El=x. Then 


























; 1x d j 
bid tsa nt» and <4-eme—-—-enGll;, hente cx 
h h h 
— “=the area of the section GH; which drawn 
2 

‘ j © d*x*+4+2adhx+ah? 
into xXx, the product is cxxx hi ’ 
: 3d* + 8ad+6a? 
whose fluent, when x=A is ch? x- a 5 A at 

: ia d*+-3ab ae 
Lastly, this fluent divided by chx—= : , the solidity 

re) 
. _ 3d?-8ad+6a?_ 
of the frustum, gives T43ab xXih=(by exter- 
367+42ab+a? 





minating d) xih=the distance of the 


6? +-ab+a* 
centre of gravity from the smaller end of the frus- 
tum. And the same theorem will serve for the frus- 
tum. of any right pyramid, by putting a and 4 for any 
like dimensions, in the two ends of the frustum. 


Corollary 1. When a=é, the frustum becomes a 
cylinder, and the distance of the centre of gravity 
from either end= fA. 


Corollary 2. When a=0, the frustum becomes a 
cone, and the distance of the centre of gravity frona 
the yertex=j4. 
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XI. Quest. 50. Solved by Fohn D. Craig, Philadelphia, 


The first equation gives x+y=c—z, 


The second gives xfyxXz=b—xy, 
And the third gives ape 


From the first of these equations, multiplied by <, 
and compared with the second, we have a—zxz= 


c ° 
—xy=$—-, by the third: hence 23—az?-+éz=c, 


Lastly, since in each of the original equations the 
three unknown quantities are equally concerned; 
therefore the three roots of this last cubic equation 
will be the values of x, y, and z. 


XII. Prize Quest. 51. Solved by Fohn Smithis, 
u Philadelphia. 
Let the annexed 
figure be the stereo- 
graphic projection 
ofthe convex north- 
ern hemisphere of 
the earth, on the 
plane of the equator 


P 
ABCD; and let P ~* \ JA 
represent the north L 
pole, PA, PB, PC, 


and PD meridians Ew 
meeting the equa- 
tor in the points A, 
B, C, and D. Im- 
agine any meridian 
PA to revolve uniformly about the pole P towards D, 
while a point moves from P along PA, so as to de- 
scribe the curve Plocus, such that P/of, any length of 
the curve, may be always equal to AEDF, the cor- 
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responding difference of longitude; then, from the 
question it is plain that the ship must describe a 
curve of this nature on the surface of the sea In- 
finitely near a coincidence with the meridian PI 
draw another meridian PG, intersecting the curve 
Plofc in the point g, and through the point f draw the 
infinitely smail arc .fe parallel to the equatorial arc 
FG. Put r=the radius of the earth, Plof=ALDF= 
z, Pf the complement of the-latitude of f=L, sine 
of L=y, and the sine of the course=the sine of the 
angle F/g=sine of the angle  Jge==x, to the same ra- 
dius r; then FG =/g=2, ge=L, cosine of L=./7? —y?, 
and the sine of the angle ¢/¢=cosine of the cburse=s 
/r*—x?. In the infinitely small triangle /ge, right 


angled ate, r:x::%:*%=fe; and by similar spherical 
rT 


sectors y: rz: *%: x2 F =<: hence x=y; and since 


wy 
the sines x and _y have the common radius r, the course 
is constantly equal to the complement of the latitude. 


Again, in the right angled triangle feg, r: Jr? =x? 
Z/r* —y? 
, 








=ge=L ; therefore oa 


ra ° 
mfr my? siz: 


——=:- Now let L be considered as equal to an 


arc of latitude reckoned from the equator; then by 
example 11, prop. 13, sect. 1, of the third edition of 
Emerson’s Fluxions, the fluent z=the meridional 
parts of L, which needs no correction; for when z=0, 
L and the meridienal parts of L areeach=0. Hence, 
when a ship is steered according.to the hypothesis of 


‘this question, the difference of longitude, or the dis- 


tance of the vessel from the nearest pole, measured 

on the curve she describes, is always equal to the 

meridional parts of a latitude, whose complement is 
No. 6. M 
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-equal to the latitude of the ship; and of consequence 

the question will be truly resolved by the foilowing 
operation: ‘The mer. parts of 10°, or of the com. 
plement of 80°—603-°07, which, added to 10800, the 
minutes in 180°, gives 11403-07=mer. parts of 85° 
50’ 48”, the complement of the latitude ; consequently 
the ship was in latitude 4° 09’ 12” N. when her dif 
ference of longitude was 180°. Also 603-07 =the 
mer. parts of 10°,, or of the complement of 862, 
subtracted from 3474:47=the mer. parts of 50°, or 
of the complement of 40°, leaves 2871-4 minutes= 
47° 51’ 24’, the difference of longitude; therefore, 
when the ship arrived in latitude 40° N. her longi- 
tude was 60° W.—47° 51’ 24’ E.=12° 08’ 36” W. 

Corollary 1. The ship may approach infinitely near 
to, but can never arrive at the equator; for the me 
ridional parts of 90° being infinite, therefore the 
distance of the pole from the equator, measured on 
the spiral line Plofg &c. is infinite; and consequently 
the corresponding difference of longitude AEDFG 
&c. ‘s also infinite. 

Corollary 2. The ship would revolve eternally round 
the pole, always approximating nearer and nearer to. 
the equator ADCBA, which is evidently an asy mp- 
tote to the spiral Plofy &c. 

N. B. Thomas Maughan, of Quebec, the ingeni- 
ous proposer of this question, remarks, that the 
curve described in the above solution, with a variety 
of its curious properties, were, about four years 
since, first discovered by George Baron, of New- 
York. He says that Mr. Baron has named this 
curve the spiral of longitude, and the meridian APC, 
the pelar meridian of the spiral. 
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ARTICLE XVIII. 


dn Essay on the first Elements pe igzions, being the firse 

Section of * the Principles of Flitions, written by the 

Rev. §. Vine ey AM £. RSs Plumian Professor o 

Astronomy rand Experimental Phi ilosop/: in the Univer- 

ty of Cambridge, in England.” Edit. 1800. Re- 

published at tie request of Walter Folger, jun. Nats 
tucket. 


De FINI TION Se 


@ 1. Every quantity is here considered as gene- 
rated by motion; a line by the motion of a point; a 


surface by the motion of a line; a solid by the mo-. 


ticn of a surface.* 

2. The quantity thus generated is. called the 
fluent or flowing quantity. 

4 3. The velocities with which flowing quantities 
increase or decrease at any point of time, are called 
the jluxions of those quantities at that instant. 

Cor. 1. As the velocities are in proportion to the 
increments or decrements uniformly generated ina 
given time, such increments or decrements. will re- 
present the fluxions.t 


* Sir Isaac Newroy, in the Introdtiction to his Quadrature 
of Curves, observes, that ‘ these geneses really take place in 
the nature of things, and are daily seen in the motion of bodies 
And after this manner, the ancients, by drawing moveable 
right lines along immoveable right lines, taught the genesis of 
rectangles.” 

t+ This is agreeable to Sir I. Newton's ideas on the subject. 
He says, ‘‘ I sought a method of determining quantities from 
the velocities of the mocicns or increments with which they are 
generated; and calling these velocities of the motions or incre 
ments, fluxions, aud the generated quantities fluents, I fell by 
degrees upon the method of fluxions.” 

Introd. to Quad. Curves. 
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Cor. 2. Hence, as any given time may be assumed, 
the fluxion is not an adsolute but a relative quantity. 
When we have several cotemporary fluxions, we may , 
assume one fluxion’what we please, and thence deter- 
mine the values 6fthe others. Thus, if x and » in- 
crease uniformly; and’ if x increase by / in the time 
that y increases by g, then the cotemporary incre- 
ments of x and _»y will be / and g, 2 and 24g, 3/ and 
39, &c. hence, if p be assumed the fluxion of x, the 
fluxion of y will be g; if the former fluxion be 2/, 
the latter will be 29, &c. &c.- 

Cor. 3. A constant quantity has no fluxion. 


{ 4. The first letters, a, 6, c, &c. of the alphabet 
ave usually put for constant quantities, and the last, 
v, W, x, y, = for variable ones; and they are to be 
thus understood, unless the contrary be expressed. 


“5. The fluxion of a simple quantity, as x, is ex-- 
pressed by placing a point over it, thus x. 





Yo FIND THE FLUXIONS OF QUANTITIES. : 


Prop. I. 


if two quantities increase or decrease uniformly, the 
increments or decrements generated in a given time wilt 
be as their fluxions. 


* 6. This appears from { S. Cor. 1. 


Pror. II. 


If one quantity increase uniformly, and another of the 
Same kind increase with an accelerated or retarded velo- 
city, and two increments be assumed which are generated 
in the same time; if those increments be diminished till 
they vanish, that ratio to which they approach as their 
limit is the ratio of the fluxions of those quantities. 


§ 7. Let the line FX be described with a uniform 


velocity, and 4Z with an accelerated yelocity, and 
M 2. 











fet the increments Gs, Pm be generated in the same 
time; let also Pv be the increments that would have 


¥ Gs K 





A: —{ Ea Zi 





been generated in the same time, if the velocity at P 
liad been continued uniform; then by Prop. 1. the 
fluxions of FK, AZ at the points G and P will be re- 
presented by Gs and Pv. Let v be the velocity with 
which Gs is described, and V the velocity with which 
Po is described, and let the velocity at m be V-+r; 
then vmis the increment which is described in con- 
sequence of the increase r of velocity since the de: 
scribing point left P. Now let Pm be @escribed with. 
the uniform velocity V+w in.the same time that Pa 
and Pm are described; then it is manifest, that this 
uniform velocity must be between the velocities at P 
and at m, that is, ¥V-+w is greater than V and less. 
than V--r, or wis greater than O and less than r.. 
Also, since the spaces described in the same time 
are as the velocities, V: V+w:: Pu: Pm. Now dimie 
nish the times in which these increments are de- 
scribed; then as the points v and m approach to P, 
P» will continue to be described with the uniform ve- 
locity V; but r will be diminished, and by diminish- 
ing the timg till it becomes indefinitely small, r will 
become indefinitely small; but vm is described in 
consequence of this increase r of velocity; heneg, 
when r becomes indefinitely small in respect to 7, 
the space om must become indefinitely small in re- 
spect to Pv; therefore the ratio of Pv: Pm is, in 
that state, indefinitely near to a ratio of equality; 
but it is manifest that it never can become accurately 
a ratio of equality, because vm will not vanish until 
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; 
Pz and Pin vanish; consequently the ratio.of the ace yt 
tual increments Gs: Pm can never accurately express | da 
the ratio of the fluxions, that ratio being. expressed, S| 
by the ratio Gs: Px. Let us then consider what ratio’ al 
Pv: Pm approaches to its /imit, when we make the eit 
time in which the increments are described, and con if t 
sequently the increments themselves vanish. In ani 
every state of these increments, V: V+w:: Po: Pm; 
and by continually diminishing the time, and conse- Ih 
quently the increments, we diminish r, and conse+ ott 
quently w, but VY remains constant; it is manifest if r 
therefore that the ratio of /: V+w, and consequently i 
that of Pv: Pm, continually approaches to a ratio of 
equality, agreeable to what we have already showp; . 
and when the time, and consequently the increments, 
become actually =0, then r=0; consequently w=0; 
therefore the /imit of the ratio of Pv: Pm becomes 
that of V: 7, a ratio of equality.* Hence, the /imit 
of the ratio of Gs: Pm is the sime as the /imit of the 
ratio of Gs: Pv, or as Gs: Pv,\that ratio being con- 
stant; that is,.the /imiting ratio of the increments is the 
ratio of the fluxions. 

The same is manifestly true for the limiting ratio 
of the decrements of two quantities; for, conceiving 
the describing points to move backwards, and to be 
retarded by the same law, the decrements sG, mP in 
this case become the same as the increments in the 
other; consequently their /imiting ratio will express 
the ratio of the fuxions at G and ?, or the rate at 
which FG, AP are, at that instant, decreasing. 

Cor. 1. Hence, the /imiting ratio of the increments 
or decrements of two quantities whi¢h are doth gene- 














* By keeping the ratio of the vanishing quantities thus ex- 
pressed by finite quantities, it removes the obscurity which may, 
arise when we consider the quantities themselves: this is agree- 
able to the reasoning of Sir I. NewrTown in his Principia, Ub. 1. 
sect. 1. lem. 7,.8, Y. 
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rated by variable velocities, will be the ratio of their: 
fluxions. And as the velocities with which these : 
two lines increase or decrease may be made to agree i 
with the rate of increase or decrease of any two like 
quantities, the proposition must be true for quantities 
of any kind. 

Cor. 2. As the /imiting ratio of the increments is 
the ratio of the fluxions, it is manifest that when the 
increments are in an increasing or decreasing state, 
the fluxions will be increasing or decreasing. 


¥ 8. It has been said, that when the increments are 
actually vanished, it is absurd to talk of any ratio be- 
tween them. It is true; but we speak not here of | 
any ratio then existing between the quantities, but of 
that ratio to which they have approached as their 
limit; and that ratio still remains. Thus, let the in- 
crements of two quantities be denoted by ax*+ mx 
and 6x?-+-nx; then the //m/t of their ratio, when x==0, 
is m:n; for ax?+mx: bx?+nx:: axtm: bxtni:: 
(when x=0) m:2. As the quantities therefore ap- 
proach to nothing, the ratio approaches to that of. 
m:n as its dimit. Hence, if m=n, the /imit of this 
ratio is a ratio of equality. We must therefore be 
careful to distinguish between the ratio of two eva-- 
nescent quantities, and the /imit of their ratio; the 
former ratio never arriving at the latter, as the quan- 
tities vanish at the instant that such a circumstance. 
is about to take place. 





7 


Prop. Ill. 


If the fluxion of x be denoted by x, the fluxion of ax’ 
will be axe 


* 9. For if x increase uniformly, az will also in- 
crease uniformly, and a@ times as fast: hence, by 
Prop. 1, the fluxion of the latter will be a times greater 


than that of the former, or it will be ake 
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Cor. Hence, in taking the fluxion of a variable: 


quantity multiplied into a constant one, the constant 
multiplier is retained. 


Prop. IV. 


The fluxion of x=ka is x. 


\ 
* 10. For @ being constant, and only comnected\to 
x by the signs + or —, it does not affect the increase 
or decrease of the quantity; therefore the fluxion \s 


the same as the fluxion of x, or it is x. 

Cor. Hence, constant quantities connected to vari« 
able ones by the signs + or —, disappear when the 
fluxions are taken. 


- 


Prop. V. 
Given (x) the fluxion of x, to find the fluxion of x, 
n being a whole number. 
“11. Let x increase uniformly by v and become 
xtv, then will x” become x)" 5 but by the well 


known Elements. of Algebra, x-+-0% =x” 4+nx"— ?0+4 


n— | 
Ne 





x"—2y?4-&e. and if from this quantity we take 


9 
« 


i—_ 





x”, there remains nx"—'v-4n. x2~2y24 &e, for the 


cotemporary increment of x”; but although x increase 
uniformly by 2, x” does not increase uniformly; for 
if in the increment of x* we substitute 1, 2, 3, &c. 
for v, and take the differences of the results, these dif- 
ferences will not be equal; hence, to get the ratio of the 
fluxion of x to the fluxion of x” we must, according to 
Prop. 2, take the /‘miting ratio of the increments. Now 
the increment of x : the increment of x®:: 0: nx*—!'v 


n— | N= | 
+n. ; x—2 9241 &e, 3: lsnx*—t-pn. x—2y+ &e, 








and to get the /imiting ratio of these increments, we- 


een 
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must make v=0, in which case the ratio becomes 
t:nx"—1!, which therefore expresses the ratio of the 


fluxion of x to the fluxion of x*; but x denotes the 


fluxion of x, therefore nx*—'x represents the cotem- 
porary fluxion of x”. 

If n=0, x*=1 a constant quantity; therefore by 
7 3. Cor. 3. it has no fluxion. 


Prop. VI. 


n 
To find the fluxion of x”, m and n éeing any whole 
numbers. 


712. Put y=", then y™ =x"; hence, by taking 


© nx"—*x 








the fluxions, my™—* y=onx"—* Ky o*e I= ny (by 
— , ‘ nmin 
substituting for y its value in terms of x) ———= 
mx 
ax?" an 
2m , 
m ™ 


Cor. Let the root be a compound quantity as: 


a" +x", to find the fluxion of a”+x”\". Put y= 
a” px"), then y"=a"+x™, and ny"—*y=mx"—" x, 


2 mx"—'x¢ Mmx™—! x l i-e 
. hence, y= = =— Xa" +z nx 





—_  - —i 
= nxa™ + x\— 
t 


-* © ° 
mK p= — xa" +x" , XK mxr—lce . 


( To be continued. ) 
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ARTICLE XIX. 


New Qyesrrons to be solved in the next Number. 


I. Quest. 52. By Henry Smith, New-York, 


Required a general rule for reducing Sterling mo- 
ney into Federal currency; and also a ‘general rule 
for reducing Federal currency into Steiling money. 


Il. QUEST. 5S. By A. Rabbit, Harlaem, New-York. 


Required 2 more elegant theorem than that given 
by Mr. Shepherd, in page 203 of his Columbian Ac- 
countant, for finding the side of what he calls the 
greatest inscribed square of an equilateral triangles 


Ill. Quest. 54. By Ben. Cheetham, Billiard-Hall. 


In a single throw with two dice, on what particular 
number is it most advantageous to bet? and what is 
the chance of throwing that number? 


IV. Quest. 55. By Diarius Yankee. 


By selling a piece of muslin at a certain price per 
yard I gained the prime cost of nine yards, which 
was just as much per cent. as the number of yards 
in the piece; required the number of yards. 


V. Quest. 56. By James MCormic, Carlisle, Penn- 
sylvania. 

The area of a field in the form of a plane recti- 
lineal triangle is a, and the lengths of the two least 
sides are 6 and c; what is the length of the third or 
greatest side? 

VI. Quest. 57. By the Rev. Thomas P. Irving, New- 
beru, North-Carolina. 


It is required to describe a circle that shall pass 
through an angular point of a given square, and 
touch two sides of the same square. 
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VII. Quest, 58. By Fohn D. Craig, Philadelphia. 


In any right angled plane triangle, if a straight 
line be drawn froma the right angle, perpendicular to 
the hypotenuse; and from the point where this per- 
pendicular intersects the hy poteruse, a second straight 
line be drawn perpendicular to the base; and frem 
the point where this perpendicular meets the base, a 
third straight line be drawn perpendicular to the .hy- 
potenuse, &c. &c. in infinitum; I say, the difference 
between the hypotenuse and the base, is to the bage 
as the perpendicular of the triangie is to the sum of 
all the other perpendiculars; required a demonstra- 
tion. 


VIII. Quest. 59. By W. Lenhart, Baltimore. 


In a plane rectilineal triangle are given the rect- 
angle of the two sides, the rectangle of the segments 
of the base made by a perpendicular let fall from the 
vertical angle, and the area; to find the sides of the 
triangle by a more elegant method than that used by 
Mr. Emerson in Prob. 87. book 2.’ of his Algebra. 


IX. Quest. 60. By Fohn D. Craig. 


One night in the present year the true amplitude 
of a star of the first magnitude, at rising, was E. 26° 
44’ N. Some hours alter its true altitude was 24° 
26’, and four hours fifty-six minutes and twenty-three 
seconds after that I observed its transit over the me- 
ridian: quere the star and the latitude of -the place 
of observation? 


X. Prize Quest. 61. By Rodert Adrain. 


To determine the nature of the catenaria volvens, 
or the figure which a perfectly flexible chain of unt- 
form density and thickness will assume, when it re- 
volves with a constant angular velocity about an axis, 
to which it is fastened at its extremities, in free and 
nongravitating spaces. 
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ARTICLE XX. 
Sorvvzons of the Quesvions proposed in Arvicrz XIX. 


I, QuEsT. 52. Solved by E. R. White, Danbury, Connecs 


ticut. 


Let s denote any sum sterling, expressed in 
pounds, or by means of the decimal of a pound; and 
fan equivalent sum of federal currency. Then be- 
cause 9/, sterling are equal in value to 40 dolls. we 
have 9: 40:: 5: /; and by art. 1. §. 17. Math. Corr. 


36:40 or 9: 10:: 45: f: hence by page 30 and, 


$i Math. Corr. the following theorems are évident. 


Theorem 1. If any sum of sterling money, express- 
ed in the denomination of pounds, be multiplied by 
4, the product increased by 3 of itself will be the 
equivalent federal money. 


Theorem 2. Any sum of federal currency, dimin- 
ished by 1, of itself, leaves four times the sterling 
money, expressed in the denomination of pounds. 


EXAMPLES. 
r 236 16s. 93d=f 236° ee sterling. 





9) 947°3625 
105*2625 
1052 dolls. 62°5 ctss==1052°625 dolls. 


10) 1052625 dolls. 
105+2625 





4)947+3625 


£ 236°840625=236/. 165. 92d. sterlingsy 
10. 7. N 


meri 3 
TLS: 
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II. Quest. 53. Solved by the proposer, A. Rabbit. 


The contents of page 203 of the Columbian Ac. 
countant, sung to the tune of “ the pump*™ of Lake 
Champlaine,’”’ will completely exhibit the stupidity of 
Shepherd’s rule mentioned in the question. With 
this remark I proceed to develope the theorem sought. 
Let s=the side of the equilateral triangle, f/=a 
straight line drawn from the opposite angle perpen- 
dicular to the side s, and x=the side of the inscribed 
square. Then it is well known that in every plane 


oye . ps . , 
rectilineal triangle, x=-4—; but in the equilateral 


pts 
triangle p=1s ./3; and this written for / in the for 
152. /3 /3 





mer equation gives x=2 = Xs=(2/3 
Is /3+s 24,/3 ( 


—3)xXs=s 4641016151 &c. the theorem required. 
“ The greatest inscribed square of a triangle” is ab 
surd; but it clearly proves Shepherd to be ignorant 
of Geometry: this is evident from def. 1. book 4 
Euclid, and the nature of a triangle. 


III. Quest, 54. Solved by B. Cheetham, Billiard-Halh 


re) 
© 


Let the two first horizontal 1 
lines inthe annexed scheme re- 
present the figures on the 12 
faces of the two dice; then by 
combining each figure in the 
first line, with every figure in 
the second, it will be evident 
that two dice may be thrown 
36 different ways; and that there 
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* The theological properties of this wonderful pump have)! 
understand, been sutticiently investigated by the members ¢ 
certain church in New-York; and I promise to unfold the ® 
thematical principles of the same, in some future Number. A? 
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is one chance for throwing either 2 or 12, two chances 
for throwing either 3 or 11, three chances for throw- 


ing either 4 or 10, four chances for throwing either # 


5 or 9, five chances for throwing either 6 or 8, and 
6 chances for throwing 7. Hence 7-is the number 
required; and the chances for throwing 7 are 6, and 
those against throwing it are 30. 


IV. Quest. 55. Solved by Thomas I. S. Singleton, New- 
bern, North-Carolina. 


Put x=the number of yards, and _y=the prime cost 
of a yard; then 9 y=the prime cost of 9 yards, and 
xy=the prime cost of the piece. But by the ques- 
tion 100: x:: xy: 9y:: x: 93 whence x?=900, and 
x=30, the number of yards required. 


V. Quest. 56. Solved by Thomas Maughan, Quebec. 


Let the straight line AB=d p ne 
not less than BC=c, be con- | I 7 
sidered as the base of the tri- v4 
angle. Draw AP at right ‘ 
angles to AB, and equal to 


















2a ; es Ze 
FZ which by mensuration is | 


=the altitude of the triangle, A [a 


and consequently cannot be greater than BC. Through 
P draw PD parallel to AB; on the centre B with the 


radius BC, describe the are CdD, intersecting PD in. 


D, and join AD and DB; then ADB isthe trianglé 
in question, and AD is the greatest or third side 
sought. This is too evident to require a demonstra- 
tion. 

From D draw DG at right angles to AB; then in 
the oblique angled triangle ABD, are given AB=é, 
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3 2 
BD=BC=<c and DG=AP=> ; hence by prop. 47. 





f 2 62 2—4g2 
book 1. Euc. BG=/c*——2 FP : + Fur 








ther, when the perpendicular falls without the trian- - 


gle ABD, by prope 12. book 2. Euclid, AD’ =2? - 
c*+2/02c*—4a?; but when the perpendicular falls 
within this triangle, by prop. 13. book 2. Euclid, 
A D> =67+c2-2/b%c*—4a? ; which last value of AD* 
is evidently greater than that of AB*, when 
*./b2c24g? is less than c?; and in this case the 
question admits of two answers. 

Corollary. When 2/é%c?—4a* is greater than 
c*, the greatest side AD is limited to one value ; and 
when 62c? is less than 4a?, that is, when éc is less 
than 2, the problem is impossible. Also when dc= 
2a, the third side AD is the hypotenuse of a right 
angled triangle. 





VI. Quest. 57. Solved by the Rev. Thomas P. Irving, 
Newbern, North-Carolina. 


Let B be the angular point of B 
the given square ABCD. Draw 7 7 
the diagonal BD; with the E ae. 


straight line BE, intersecting 
AD in E, bisect the angle ABD; 
and thro’ E draw the straight line 
EO parallel to AB, cutting BD 3p 7, « 
in O: then is O the centre, and 

OE the radius of the required circle. 





Demonstration. 


Draw the straight line OF parallel to AD. Be- 
cause EO is parallel to AB, the angle BEO=the 
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alternate angle ABE,=EBO by construction, and 
therefore BO =OE. Moreover, by construction, 


OEDF being a parallelogram about the diagonal of * 


a square, is well known to be a square; consequent- 
ly OF=OE,=OB by what has just béen proved. Al- 
so OFD, and OED, being angtes of a square, are 
right angles. Hence, a circle described about the 
centre O with the radius OE, will pass through the 
sngular point B, and touch the two sides AD and 
DC in the points E and F: as was to be done. 


Corollary 1. Put AB=AD=s the side of the given 
square, and BO=OE=OF =r the radius of the re- 
quired circle ; then the diagonal BD= s,/2. Fur- 
ther, since BE bisects the ‘angle ABD, AB: BD: 
AE: ED, by prop. 3. book 6. Euc. and by compo- 
sition AB+BD: BD:: AE+ED=AD: ED: that 


/2 
© 9. 9ee . —_— 
iS S+5,/2:5/2::8: =Tws 
5X°5857864576. 





XS=a(2—/2)Xs=— 


Otherwisee OD=r,/2, and BD=r./2+r=s,/2: 
D) 


hence r= 





Corollary 2. The difference between twice the side 
of the given square and its diagonal, is equal to the 
radius of the ‘required circle. For BD==s,/2=d; 
and by cor. 1. r==(2—,/2)s=2s—5s /2==—I2s5—d. 
From this property another method of describing the 
required circle is easily inferred. 


XS=(2—./2)xs5, the same as above. 


2 
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VII. Quest. 58. Solved by Robert Adrain, Reading, 
Pennsylvania. 


Let ABC be any right 
angled plane triangle, D 
having the perpendicu- 
lars BD, DE, EF, FG, 
&c. drawn as described 


mT ¥E 
; A G 
in the question. Draw L 
AN at right angles to z 
AC, meeting CB produ- 
ced in N; and let all the I 


perpendiculars, just men- \ 
N 


Tr AC 


E YB 








tioned, be produced to 
meet AN and BN ine, 
gl, O, P, &c. kc. Be- 
cause DN, Fe, Hg, &c. 
are parallelograms, the 
sum of all the perpendi- 
culars on AC, viz. BD+ 
EF +GH-+&e. == Ne+eg Ss 
el+&c. ad infinitum= 

AN. Fora similar reason the sum of DE, FG, HL, 
&c. ad infinitum=EBN. The sum of all the perpen- 
diculars,) BD+DE+EF+FG+&c. is therefore e- 
qual to AN+BN. Produce now AN to S, so that 
NS may be equal to BN; then AN4+-BN=AS. Join 
SB and produce it to meet AC in T, and we easily 
discover that the triangles ABS and CTB are simi- 
Jar, and that AT=AB: whence TC: AB:: CB: 
AS, or AC—AB: AB: CB: AS, which was to be 
demonstrated. 





The same, solved by Fohn Capp, Harrisburg, Pennsyl- 
VANiae 

Let ABC be any right angled plane triangle, in 

which the perpendiculars BD, DE, EF, FG, &c. 
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in infinitum, are drawn according to the question. 
The right angled triangles CDB, BED, DEF, FEG, 


&c. are evidently similar to each other, and to the ° 


original triangle ABC; and hence AC: AB:: CB: 
BD:: BD: DE:: DE: EF:: EF :FG:: &c. But 
by prop. 12. book 5. Euce AC: AB: : CB+BD+ 
DE+EF+k&c.: BD+DE-+EF+FG+k&c.=s; and 
by division, AC—AB: AB:: CB: s=the sum ofall 
the perpendiculars BD, DE, EF, FG, &c. in infini- 
tum: as was to be demonstrated. 


Corollary 1. CB: AB:: AC+AB: s 
Corollary 2. AC—AB: AC:: CB: s+CB. 
Corollary 3. CB: AC:: AC+AB: s+CB. 


VIII. Quest. 59. Solved by the proposer, W. Lenhart, 
Baltimore. 


Let ABC be the plane rectilineal B 
trianglee Draw BD perpendicular to F 
AC, and CF perpendicular to AB; 
also frem B to E, the middle point 
of AC, draw BE. Put the given 
rectangle AB.BC=4, the given rect-_ 
angle AD.DC=c, twice the given 3 
area of ABC=a; and BC=x; then is AB=—: Let 





A EDC 


s=the natural sine of the angle ABC, to the radius 
=1; then by mensuration AB.BC.s=a: consequent- 


a iain 
ly s=F> CF=sx, BF =xV 1—s?*, and AB. BF = 
b/1—s*=by question 46. Math. Corr. BE’ NEC? 
=BE* > (ED* +AD.DC) = BD’ D'—<, or c—BD*s 
Hence BD*=c+5/1—s?, or BD? =c—é/ j—s2 ; 


and by restoring the value of s we have BD’ due 
V?—a?, when the angle ABC is acute, and BD? 


ems aera om 
q 


Werte teei: ARES 
a: Ss 
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sc—_1/b?>—a? when ABC is obtuse. The value of 
BD being thus determined, the three sides of the tri- 
angle are easily found. 


The same, solved by Robert Adrain, Reading, Pennsyl 


VANIAs 


Let ABC be the plane rectilineal triangle. Draw 
BD and CF perpendicular to AC and AB respective- 
ly; also from B draw BE to E the middle point of 
AC. Put twice the given area=a=AB.FC, the 
given rectangle AB. BC=6, and the other giver a rect- 
angle AD.DC=c. Now AB’. BC’ =3? *,and AB’.FC’ 
==a?; wherefore AB’ .BC°—AB’.FC? =AB’.BF" 
=$2——g?, and AB. BF=vV 0 —a*=, by question 
46. Math. Corr. BE* EC” =(BD?*+DE° ) wEC* 
=BD°*—AD.DC or AD.DC—BD*=BD*— or c— 
BD’. Hence if the angle ABC be acute BD* =c+ 
/}*—a’*, but if obtuse BD* =c—/W52—a?: and 
therefore the sides of the triangle may be easily 
found. 


IX. QUEST. 60. Solved by the proposer, Fohn D. Craig, 
Philadelphia. 


In transcribing this question, I inadvertently wrote 
24° 26’ for the true altitude, which ought to have 
been 24° 36’. 


The star’s distance from the meridian, in solar... 
time, is 44. 56 min. 23 secemAh. 57 mins 11 secs 42°6 
thds. siderial time, which corresponds with 74° 17’ 
56-6” the star’s horary angle. Let radius=1, c= 
*2706163 the natural cosine of the star’s horary angle, 
a=°4498387 the natural sine of the amplitude 26% 
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44’, b=*4162808 the natural sine of the altitude 24° 

36’, and x=the natural cosine of the latitude. Then 

by spherics 1: @:: x : ax=the natural sine of the? 
star’s declination; and </ l—~z*x?=sthe natural sine 

of the star’s polar distance. Lastly-by the theorem 

in case 8. of oblique spherical triangles, sec. 4. book 

$. Emerson’s Trigonometry, cx ] —a? x? + 


ax |—x? =6 or cxf I +axx l—ax-tax/1+ xx lx 
==$; from which, by means of a table of logarithms, 
we readily approximate to x=*7678312=the natural 
cosine of the latitude 39° 50’ 26”: consequently ax 
=°3454002=the natural sine of 20° 12’ 22” N. an- 
swering nearly to the declination of the star Arctu- 
TUS. 














X. PrizE Quest. 61. Solved by the proposer, Robert 
Adrain, Reading, Pennsylvania. 





Let ABC be the a D ae. 
chain revolving uni- 
formly about the fixed x;| JT 





axis AC, to which it 
is fastened at its ex- 
tremities Aand C. Be- 
cause the chain is sup- N B LG 
posed to retainthe same 

constant figure during its uniform revolution, it must 
evidently lie in a plane passing along the axis AC, 
and dispose itself into the form of a curve in that 
plane, the nature of which I shall endeavour to un- 
fold. 

Let B be the vertex of the curve, or the point 
where the tangent NBG is paral!<i to AC, and from 
B let fall on AC the perpendicular BD. Suppose 
BF to be any variable part of the curve beginning at 
B; through F draw FE, GH, at right angles to BD, 
DC, also TFL the tangent at F meeting NG in L; 


Is 


Ein 





F 
EF 











~ 





ae meet Sei 














( 150 ) 


on the diagonal FH complete the rectangle KT ; and 
let ef be infinitely near and parallel to EF, meeting 
FH in A, and making Ee or FA, Af, and F/ the flux- 
ions of BE, EF, and BF, respectively. 

Put BD=a2, BE=x, EF=y3, BF=z, Ee=FhA= 
hf=y, F f=z, also put n=the constant tension of the 
chain at B, t=the tension at F, f=the centrifugal 
force of BY’, which is produced by its circular motion 
about DH, and which is equal to the sum of the cen- 
trifugal forces of all its particles in directions parallel 
to BD, c=the celerity of the point B in the circum- 
ference of a circle about the centre D, m=the quan- 
tity of matter in the length | of the chain ; moreover, 

mc? 4n 
put ->=", —=b*, , andassume g=325 feet to mea- 
sure the common force of gravity. 

The part of the chain BF is supported in equi- 
librio by three forces; by the constant tension at B 
acting in the direction BN, by the tension at F act- 
ing in the direction FT, and by the centrifugal force 
J with which it endeavours to recede from the axis. 
DH ina direction parallel to BD or GH: therefore, 
according to a fundamental principle of mechanics 
these three forces x, t, and f, are proportional to the 
three sides of a triangle, GL, LF, FG, drawn parallel 
to their lines of direction, and LGF isa right angle, 
consequently n?-++-/2=t*. Further, because the tri- 
angles FGL, Af, are similar, it appears that n, f, and 


t are also proportional to 4 x and 2, or to the radius, 
tangent, and secant of the angle efi. whence y= 


mx ° tx 
—, and z =~. And we may remark, that these 


J 


conclusions are equally true in all catenarian curves 
of which the particles are urged by any forces in 
parallel directions. 
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Again, the accelerative force of gravity being 


expressed by g, the centrifugal force of a particle at 
2 


Bis truly measured by —. See Simp. Flux. Art. 211., 


And, because all the particles in BC revolve about 
AC in the same periodic time, it is*well known that 
their centrifugal forces are directly as the radii of 
the circles they describe; therefore as BD: FH, or 





e*.. 12 
QS di dx: —: ~ Xa—x=sthe centrifugal force of 
a particle at F: and by hypothesis the quantity of 
. cm. —— . 


matter in F/is mz, consequently Fa BKG— ELE 


a—x=f. The force f acting in the direction HF, and 
expressed by it, is, by the resolution of forces, equi- 
valent to the two forces KF, TF. The force KF 
being at right angles to Ff cannot possibly make the 
tension greater at f than at F, but only produces the 
curvature of Ff, the force TF is solely employed in 


augmenting the tension at f, and is therefore=t; 


whence as FH: FT, that is as 5: x:: f=rzxa—x: 
t=rxXa—x=rax—rxx, and the fluent t=rax—}rx? ; 
but when x=0, t=n, therefore the correct fluent is 
. aa nx 
t=n+rax——jrx?, and coneegeenly LT kame 
i 








--n* . 
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‘ . . . 

2b? x + Qaxx x? x : 
— SSS. But let us pursue this sub- 
af b* 4 2ax—-K* XZAX— K2 
ject farther, and determine the relations of x, y, and z. 
The values of y and z are not indeed assignable by x 
in finite algebraic terms, nor even by the areas of 
conic sections; but we shall obtain them by having 
recourse to their arcs. For this purpose assume 


v* ==2ax—x*, and the values ofy and = are transformed 






































a 
into y= = » and z= 
/a? —y” « 62 +2 
IB2y4-929 ia 
4 - ey By addition, s+y= 
a“ — te 
vXb?7+492 . I? ee oe [b? +92 
SS 8 4/ - Now —/——;= 
ofa? —v* Xb? +0” a* —y* er 


E is known to be the fluxion of an elliptic arc E, 
reckoning from the vertex of the transverse, the cor- 
responding ordinate on the transverse being 2, and 
the semitransverse and semiconjugate axes 


av a? +b? 





» and a, respectively. Therefore sys 


ob and the fluent is cyelE, which needs no cor- 
a a 


rection. 


w-9 





Again, by subtraction, Z y= = 





/a* —v* Xb? +07. 
To exhibit the fluent of which, let there be an hy- 
perbola having the semitransverse and semiconjugate 
axes a and 64, the arc between the vertex and any 
point=H, the perpendicular from the centre on the 
tangent at that point=v, and the intercepted tangent 


=T; and by investigating the value of T—H in 
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—vty 
terms of 2, we shall findit= —= ==, Con- 
ot  Satmmtxdt tes 
sequently z—y=—T-+H, and taking the fluent we * 
have z—y=—T+H. But this fluent must be cor- 
rected, for when z~—y=0, then v=0, therefore the 
tangent T coincides with the assymptote, and T—IL 
=D, D being the excess of the assymptote above 
the curve, when both are produced indefinitely. For 
a computation of which see Simp. Flux. art. 435. 
The correct equation of the fluents therefore is s—y 

















bE D—-T+H 
=D—T+H; whence son + = » and y= 
tv%E D-—T+H 
— 5 -* , and when v=a, then T—H=0, in 


which case we obtain the whole curve ABC=—+ 


bE 
D, and the axis AC=— —D. 


If the axis AC and the curve ABC be very nearly in 
the ratio of equality, or, which is the same in effect, 
if a be supposed incomparably less than 4; the value 


of /524-y2 becomes indefinitely near to unity: in 


v 


_—_- 


which circumstance y =3dx ewe 
— VU 


and conse- 


; ae 
quently y==30x circular arc A to the sine =, and ra- 


dius unity. Whence it appears, that in this limit- 
ing case, ou” new curve coincides with the celebrg- 
ted harmoniac « »-ve, the nature of which was first dis- 
covered by Dr. Brook. Taylor. 


No. T. Qe 
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that the best way of enco raring the *nathematics, 


is never to remit us a sing | nt for car Numbers. 
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it: posterity would certail ¥ than’ were we to 
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ARTICLE XVIII. 


al 


Continued from page 138. 


§ 13. Hence it appears, that whether the root be ‘ 
a simple or a compound quantity, the fluxion of any 
power thereof is found by the following 








RULE: 
y! 
. Multiply by the index, diminish the index by unity, and i 
multiply by the fluxion of the root. t 
Q, 
Examplese 
0, . 7 
Ex. 1. The fuxion of x? is 9x®x. 
e . i} 
Ex. 2. The fluxion of 3y5 is 15y*y. me fig) 
3.4. 12 3. o i 
Ex. 3. The fluxion of 597 is —y~7y = —;° uF 
~ ] vw 7 : 
. 5 2 35 4 ° 5x 
Ex. 4. The fuxion of g *1T ispge ~Tra= 7 
ggxir 
on 4.4% 
1; Ex. 5. The fluxion of 5 a” Peat 
> 63 x } 
re 


Ex. 6. What is the fluxion of a2+4-x?)}3? 


Here the root is ac? + x*, and its fluxion Qe 5 


Ts hence, the fluxion required is 3 x a? +x?) 2x Qxx== 
a?tx2)\2 x 62% 

Ex. 3 What is the fluxion of Wa? +x? 241%7, or of 
od, ax) 
CSy Here the root is a?+x?, and its fluxion 2xx; 
TSe —1 
red hence, the flaxion is xara" * Qn ~~ 








» tO a? 1-42) 
Ex. 8 What is the fluxion Of x75} F? 
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Here the root is x*-+-y?, and its fluxion 2xx+2yy; 





3 I - . 
hence, the fluxion required isg xx? -+y?!? xQxx-+2yp 


=3xx?-+y2)* xXxx+yy. 
Ex. 9. What is the fluxion of x+y\?? 
Here the root is x+y, and its fluxion x+y; hence, 





the fluxion required is 2Xx-+-yxxr-+y- 
m prise, 
Ex. 10. What is the fluxion of a5+25\2 
Here the roet is a5-+-2x5, and it’s fluxion 52x*z; 


? 


l pa: ° 
hence, the fluxion required iss xa5-tas\ *xSate 


> 
S24z 





° cp ..§ i 
4Xa?+-x° = 
~ 


I 
 « RT he m 79 SS) ? 
Ex. 11. What is the fluxion os 
repr . 
This quantity becomes a* +x? \— 5, and the root is 
+x*, whose fuxion is Qrx; hence, the fluxion res 
14 
: c 5 a - _— loxx 
quired is—=xa*+27) Klee = -+ In 
’ 9Xa2?-+x2\ > 

like manner, bring any quantity from the denomina- 
tor up to the numerator, by changing the sign of the 
index, and then proceed by the rule. 


joo 


a 




















Ex. 12. What is the fluxicn o! +y3tezs|t? 
Here tlre root is ax*+éb °+ and its fluxioh 
Qaxx+3by2y4+4en22; hence, ie “usion required is 
7 - ; ‘ — rs 3 
> xax?+byitess) F 7 X2arx- 09 p+ 4cZI3Ze 
vu 
Ex. 13. What is the fluxion 0! \’ -r*--,/a?-+-y?? 
Put gaeVx*tVa?+y?, t. 9 4+VA aty?; 
| met AE, eS 
now the fluxion of /a?+-y?, « ‘+y?\ty is 5X 
a +y*\— 3x Qwy sg? fy? » henee, Qermlrw 
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dan 2 e . 
+a?+y*|} * x yy, therefore z= 


° I 
Qax-+a* + y2]~ typ , 








IV pt 4d a Ty 
Prop. VII. 

Lo find the fluxion of a product xy. 

* 14. The fluxion of 2+ y*, by the last rule, is 
2Xxr 4-y9xx-+-y =2Qrx+2 cyt2yx+2vy; also, x +y 
=x? +2. cy-hy* » whose fluxion is 22x -++ the fuxion of 
deyt2yy 5 make these two values of the fluxion of 
x+y equal to each other; omit the first and last 
terms which are common to both, and we have the 
fuvion of 2xy=2xy+2yx 3; hence the fluxion of xy is 
LY PIL- 

Otherwise thus. If we suppose 2 constant, the 
fluxion of ay is xy by Prop. 3; and if we suppose _y 
constant, the fluxion is yx hence, if neither be con- 
stant, the fluxion is xytype. 

Cor. Hence, we may find the fluxion of XYS. For 
if v==xyz, and WL then v=wz, and o=ws+ ow; 
but waxy, WAIVE 5 ; substitute these values for 

w and w, and we get v= xyZ-+z ry aya. ; 

“15. In like manner we proceed for any number 
of factors; hence, the fluxion of the product of any 
number of quantities is found by the following 








»” 


RULE? 

Multiply the furion of each quantity into the product 
of all the rest, and the sum of ali the products is the flux-~ 
ion required. 

Ixamples. 
Ex. |. ‘The fuxiomef x*y3 is 27 > x Syty +y3 X2xx 
Sxtyry 4 By3xre 


O22 
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‘ wh eae Oe 2 

vw o © a “7 “Io 

Ex. 2. The fluxion of y?a¥z is Taxa Pr y+ys x 
5 2: ie aes ee 7 5° 
3" Fe} ia tseess Sy IT SI 7 BUILT ILS Ze 

Ex. 3. The fluxion of w”2x%y's" is many” 2 ‘yay 
nw y"z ‘e"—leteorn maenzsy—lyt sq gnyrge—l ez, 

Ex. 4. To find the fluxion of 2? xa+-+-y4 “)3. 


By the last rule, the fluxion of a++-y4V4 is - xa" +y4\% 


x 4y3 y—=6 Xatpyslexy3 3 j » hence, the “ae required 


i =* 2x6 xa4-y4 |! Xy3p +atyt x2xrxr. 
Ex. 5. To find the fluxion of /a*+2?xVd?+y* +y*. 
Find the fluxion of each part by the last rule, and 


the fluxion required is /g?+2?x 





J bay 
Sore Pap 





| 16. It appears from this Prop. that the fluxion of | 


xy consists of two parts, xy and yx, the former part 
arising from the increase of y by y, and the latter 
from the increase of x by 2; but ifx should decrease 
whilst_y increases, then the fluxién, expressing the éa- 


crease of xy upon the whole, will be zy—yz, being the 
increase minus the decrease. Hence, to express the 


rate at which any quantity inc: fluxion of the 
parts which increase must be ith the sign-y 
and those which decrease with i—. Now the 
increasing quantity is consider s . sitive; but ifa 
negative quantity increase in (is ide, it must be 
considered as a decreasing q , and its fluxion 
will be negative. Inlike man cr, o 1 gative quantity 
decreasing i in magnitude must ic con idered as an in- 


VW y} be positive. If 


creasing quantity, and its flux: 


therefore the fluxions of incre.sing quantities be writ- 

















+ 
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ten with the sign+, and of decreasing with—, when- 
ever the fluxion of any quantity is positive, it shows 
that quantity to be in an increasing state; and when 


negative, to be in a decreasing state. , 


Pror. VIII. 


- 


Lo find the fluxion of a fraction . ° 


4 17. Put ae then zy=2z, and ay-Lyteex (4 


x 





: . r— — xy : . 
14.)3 0. te Va 7 I=), Hence, we 
J y* 
find the fluxion of a fraction by the following 
RULE: 


From the fluxion of the numerator multiplied into the 
denominator, subtract the fluxion of the denominator mut- 
tiplied into the numerator, and divide by the square of the 
denominator. 





Examples. 
=* Qyixxr— Sx*y ral 
Ex. 1. The fluxion of = y is ¥ 


Qyrr—3x*y 
y* 








amet Pxetyoety x 32% 
z° 





Ex. 2. The flux. of . 








exoty—x-LyXx3z 
z* 


—_— 
ss 





xy 2*™x xy + yx — ry &X lax 
Ex. 3. The flux. of zis 54 
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e 
w= OX 


; a , 
Ex. 4. The fuxion of = is ; for ¢ being con- 


x x 
stant, the fluxion of the numerator is nothing, and 
therefore the fluxion of the numerator multiplied into 
the denominator is nothing; in this case therefore, 
the fluxion of the fraction is minus the fluxion of the 
denominator multiplied into the numerator, divided 
by the square of the denominator. 








l . A . 
5 . cme 2M N: 
Ex. 5. The fluxion of —, is = ne SUS 
xX agek gt 


8 
nz—"—x ; or the fluxion of 2"=—na—-"—'r; when 
therefore the index of a quantity is negative, the 
fluxion is found by the same rule ({ 13.) as when 
the index is positive. 


























Ex. 6. The fluxion of Mat+xs is 
Vip 
atx? —ixre xV by? 0 +9" Ixy xV aria 
6? +4-y2 
all xx Vat+x*xpy 
Va*+x* xv b? 4+? *, b*+y21¢ 


The putting of a quantity into fluxion is called the 
direct method of fluxions. 


SCHOLIUM. 
€ 18. In questions of a geometricai . 
where we want to get the relation of 
jons, and in others where we want 
are positive of negative from the rela 
ions, it is necessary to pay regard to 
as explained in @ 16. But in puttin; 
as in the Problems de Maximis et Mi 
ble quantity may increase at the sai 


ssophical nature, 

s from the flux- 
ether quantjties 
m to their flux- 
of the fluxions, 
into fluxions, 
though one varia- 
that another de- 





creasés, yet we may write the fluxior i positive; for by 
writing it so in each equation in order 
from the ditterent equations, the resi 
these, and such like cases, we may ther / 
each quantity positive. We may forth 
fluxion becomes negative according to 
tity which expresses its value bi comes 


in . 2é Same fiuxion 
be altered. In 

~e the fluxion of 

erve, that when any 
above rule, the quafi- 
iegative. For instance, 
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if r—the radius of a circle, x=the versed sine, y=sthe right sine 


-_ 7X—xx 
of an arc, then y?=27x—x?, and y=>———= ; now for the first 


J 
quadrant, + and y increase, and each fluxion is positive, and the , 
value of y is positive, x being less than r; but in the second qua- 
drant, y decreases and its fluxion becomes negative, and its 
value becomes negative, x being greater than. This circum- 
stance is similar to the case of a quantity passing through 0 and 


changing its sign, for y=0 at the end of the quadrant. 

q 19. When we compare the fluxions of two quantities, by 
comparing the increments that would be uniformly generated in 
a given time, the quantities have been supposed to be homoge- 
neous, there being no relation between those which are not ho- 
mogeneous ; yet if, of two heterogeneous quantities, the numeri- 
cal value of one be expressed in terms of the other, it is manifest 
that there will be no impropriety in expressing the fluxion of one 
in terms of the fluxion of the other. If one side of a right an- 
gled parallelogram be represented by 6 and the other by 9, we 
say, © X 9—54 the area; our numerical operation is perfectly 
correct, but no one ever imagined that the units represented by 
54 are homogeneous to the units represented by 6 and 9; if 6 
and 9 represent inches in /ength, 54 will represent so many 
sjuare inches, or so many square areas, the side of each of which 
is 1 inch in length. Or if a and x represent the two sides, the 
area of the parallelogram will actually be ax, referring that 
quantity to its proper units; although therefore there is no re- 
lation between the area and either of its sides, yet it is expressed 
in terms of the sides. And if a be constant and x variable, the 


fluxion of the area will be ax by Frop. 3; if therefore (x) the 
fiuxion of the abscissa x be linch in /ength, the corresponding 


fluxion of the area will be a square inches; if x be 2 inches in 
length, the fluxion of the area will be 2a square inches. And in 
general, when we consider any two quantities which are not 
homogeneous, although their fluxions, which are expressed by 
their increments uniformly generated in a given time, can have 
no relation to each other, if we carry our ideas no further than 
the increments themselves; yet when we consider the numerical 
values of these fluxions, the analytical expression for one may be 
comprised in terms of the other without any impropriety, and our 
conclusions will be perfectly just and correct, in the sense in 
which the units of the respective quantities are undérstood, not- 
withstanding the fluxions themselves may be heterogeneous. 
Sir I. Newron, in his Quadrature of Curves, in finding the area 
of a curve, describes a parallelogram on the abscissa (x), the 
ether side (a) of which is constant; and then he compares the 





‘ 
’ 
> 
: 
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fluxion of the area of this parallelogram with the fluxion of the 
area of the curve, they being homogeneous quantities; and the 


fluxion of the area of the parallelogram being ax, he gets the 
fluxion of the area of the curve. From what has been said above, 
when we reduce these matters to calculation, there appears to be 
no absolute necessity for this; but it is more scientific to make 
the comparison between homogeneous quantities, than between 
those which are not homogeneous, and therefore the former 
method is always to be preferred in cases where it can be ap- 
plied, notwithstanding the conclusions which are otherwise de 
duced are perfectly true and satisfactory. 

q 20. The ingenious and justly celebrated author of the Ana 
dyst has endeavoured to show, that the principles of fluxions, as 
delivered by its author, are not founded upon reasoning sirictly 
logical and conclusive. He lays thisdown asa Lemma: “ If you 
make any supposition, and in virtue thereof deduce any conse 
quence; if you destroy that supposition, every consequence be- 
fore deduced must be destroyed and rejected, so as from thence~ 
forward to be no more supplied or applied in the demonstration.” 
This, he thinks, is so plain as to need no proof. It may perhaps 
be admitted to be true, when’ we want to deduce the absolute 
value of a quantity which is to be obtained in virtue of a suppo- 
sition; but it is not true when we. want to obtain the re/ative 
values of quantities. He seems not to have attended to the con- 
nection which there must necessarily be between the two terms 
which constitute a ratio, and the two terms which express thé 
ratio to which they approach as their limit, when you diminish’ 
them sine limite, called the (int of the ratio. It is agreed, that 
by diminishing the increments you approach to the ratio of the 
velocities which they had at the points from whence they began 
to be generated, and that by making them become indefinitely 
small, you arrive at a ratio indefinitely near to that of the veloci- 
ties at those points. Now the two terms expressing the /immut of 
a ratio must depend upon the terms themselves of the ratio, and 
the terms are obtained upon the supposition of the existence of 
an increment ; the démit therefore is obtained upon the supposie 
tion of the exiStence of an increment; but the mit is a certain 
determinate invariable ratio, totally independent of the magni- 
tude of the terms of the ratio, and consequently of the increment, 
as appears by q 8. When we therefore deduce the dimut by 
making the increments vanish, the effect of the prior existence of 
the terms of the ratio still remains in the terms which express the 
limit of the ratio. If the existence of the terms which exptess .he 
limit of the ratio, depended upon the existence of the terme them- 
selves of the ratio, the supposition which makes the latter vanish, 
would necessarily make the former also vanish, and then no conclue 
sion could be deduced by making the terms of the ratio vanish 5 
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but as that is not tlre case, the /imit, which is obtained by making 
the terms become equal to nothing, contains an eifect, after the 
increments are actually vanished, which depends upon their hay- 
ing existed. The lemma therefore of the author, however true 
it may be under some circumstances, cannot be applied against * 
the reasoning upon which the Principles of Fluxions are founded, 
The author admits the conclusions to be true- He says, “I have 
no controversy about your conclusions, but only about your logic ; 
and it must be remembered that I am not concerned about the 
truth of your theorems, but only about the way of coming at 
them.” The above observations show, not only that our conclu- 
sions are true, but that they are deduced by steps which are — 
fectly satisfactory, and strictly logical. 


ARTICLE XXI. 


New Questions to be solved in the next Number. 

I. Quest. 62. By A. Rabbit, at Uncle Sam’s, Downbelow. 

Edward Shepherd, from English Yorkshire, has in 
page 198 of his Columbian Accountant, recorded and 
answered the foilowing question. 

“A, B, and C are to share £100000 in the propor- 
“tion of 1, £ and 1 respectively ; but C’s part being 
‘Jost by his death, it is required to divide the whole 
“ sum properly between the other two.” This eminent 
author makes A’s share={571422$2, and B’s = 
£ 4285747. Now I demand the operation, by which 
we ought to find the.shares of A and B; and also by 
what curious process Shepherd created the fractional 
tails of his answers. 

II, Quest. 63. By G. Baron, New-York. 

Thirty political sages meet every evening, at T. H. 
Kennedy’s Porter-House in New-York. They consist 
of Royalists, F ederalists,Chintonians, and Lewisites, in 
an increasing continual proportion; and their th 
difference is 2. I demand the number of eac 

III. Quest. 64. By Henry Smith, New- 

At what times of,the day do the hour anc 






hands ofa watch form one continued straight line? 
IV. Quest. 65. By William Lenhart, Baltimore. 
Prove that ¢+- has an infinite numberof algebraic 
divisors. 
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V.Qvest. 66. By Thomas Whittaker, York-Town, Penn: 

It is required to divide the arc of a semicircle into 
two arcs, so that the radius of the semicircle may be 
a mean proportional between the chords of those arcs. 


VI. Quest. 67. By Peter Spangler, York-Town, Penn, 

If a trapezium be described about a circle, the sum 
of any two of its opposite sides is equal to the sum 
of the other two sides ; required a demonstration. 


VIIPQueEst. 68. By Foseph Cowing, Alexandria. 

The base of a plane rectilineal triangle being 14,“ 
its area equal to double that of its inscribed square, 
and one of the angles at the base 53° 03’; quere the. 
other two sides of the triangle? 


VIII. Quest. 69. By William Lenhart, Baltimore. 

Given the area of a plane rectilineal triangle= 
840; the length of a straight line drawn from the 
vertical angle to the middle of the base=39, and the 
vertical angle=61° 56’: to determine the triangle. 


IX Quest. 70. By Fohn D. Craig, Philadelphia. 

Describe a circle that shall touch the are of the 
quadrant of a given circle, one of its bounding radii, 
and a semicircle described on the other bounding 
radius. 


X. Quest. 71. By David Sanford, Newtown, Conn. 
Given the base and vertical angle of a plane recti+ 
lineal triangle, and the distance between the centres 
of its circumscribing and inscribing circles ; to deters 
mine the triangle. 


XI. Perze Quesr. 72. By Foseph Cowing, Alexandria. 
point be assumed in the circumference of a 
ircle; it is required to find, gcometrically, 
point in a straight line, passing through the 
d point and the Centre of the circle, from 








which if a tangent be drawn, and a straight line 
drawn from the assumed point to the point of contact, 
this last shall obtain a given ratio to the straight line 
joining the assumed point and that which is requireds 


> 

















ARTICLE XXII. 


SoLurIONs of the Dursrions proposed in .inricLe XXI. 


1. Quest. 62. Solved by A. Rabbit, at Uncle Sam's, 
Downbelow. 


Because C’s part was lost by his death, it is plain 
that? :3::4:3:: the share of A: the share of 
B. 

Hence 7 : 4:: £ 100000 : £ 5714 


2$=A’s share; 
and =7:3:: £100000: £428575= 


B’s share. 


‘ 


In answering this question, Shepherd first divided 
the given sum between A, B, and the ghost of C, in 
the ratios of 4, 1 and 4; and afterwards divided the 
share of the ghost between A and B, in the ratio of 
toi. This is the curious process, by which Shep- 
herd created the fractional tails of his answers. 


Il. Quest. 63. Solved by Enoch Lewis, Westown, Penn- 


sylvania. 


Let the required number of Royalists, Federalist, 
Clintonians, and Lewisites, be respectively represen- 
ted by 2, xy, xy? and xy3; then by the question and 
the nature of differentialsy we have 

(93 + y* +941) xe = 30, 

and (y3—3y?+3y~—1)xx = 2. From these 
two equations we have 
pi Sy? +3y— 1: pe fy*+y4t] ii 1s 155 or 773 — 
23y?-+4+22y =8; which resolved, gives y=2. Hence 
is easily found x=2, xy==4, xy?=8, and xy3=16:; 
conseGuently our 30 political sages consist of 2 
Royalists, 4 Federalists, 8 Clintonians,"and 16 Lew 
isites. 
P 


h.S, 


_— 





III. Quest. 64. Solved by the proposer, Henry Smith, 
New-York. 


t is plain that the hour and minute hands of 4 
watch form one continued straight line at the hour 
of six. And, since the lengths of the two hands 
may be considered as equal; if the length of the 
arc described by the hour hand in one hour, be put 

the length of that described by the minute hand, 
in the same time, will be = 12; and the difference 
of these two arcs will be =11. Now, when this dif 
ference becomes = 12, the hands will again form a 
continued straight line: therefore by proportion 11 : 


12 .:: 1) hour: 1 hour 5, min. Further, since the: 


angular velocities of the two hands are always inva- 
riable, the required times are evidently in arithmetic 
progression ; and their common difference is 1 hour, 
Sy, min. 
A ob mn h Cad a 7: h 
Consequently at 6, 7 5.5, 8 1019, 9 16,4, 10 
m A mi hi m A m 


ti 3 
21 11 273, 0 S28, 1 382,2 437i, 3 49 


and 4 54.6, the hour and minute hands ¥ 2 watch 
are diametrically opposite to each other, or form one 
continued straight line. 


IV. Quest. 65. Solved by Enoch Lewis. 


It is evident that so = is an algebraic divisor of 


a+5; assume m=2, 3, 4, %c. and the expressions 
are still algebraical; whence, as the assumed value 
of m may be infinitely varied, the number of alge- 
braic divisors of a+, is infinite. 
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The sane, solved by Fohn Capp, Harrisburg, Pennsyloania. 


It is easily proved, that when # denotes any odd, 
number whatever, a+4 is a divisor of 2°44". Now, 
a\n ~ ao “  ‘gexr 
because e=a”', and é==d"', it follows that a”+ 0” is 
a divisor of a+-¢. Hence since n is any odd number, 
and an infinity of odd numbers exists, a+-é has an 
infinite number of algebraic divisors. 


V. Quest. 66. Solved by Facod Winooski; among the 
Green Mountains, Vermont. 


This question is only a particular case of the fol- 
lowing general ' 


PROBLEM. 


In a given arc of a circle, to find a point from 
which a straight line drawn to the middle of the 
chord of that arc, shall be a mean proportional be- 
tween two straight lines drawn from the required 
point to the extremities of the same chord. 

Let ABC be the given arc of r 
a circle ABD; and AC its chord. SS 
With the straight line RD bisect , he 
AC at right angles in O. Bisect / 
BO in E, through E and parallel Ae & 
to AC, draw FG intersecting the AY <1 4 C 
given arc in F and G, eitherof ij 


which is the point required. D 








DEMONSTRATION. 


Draw the chords GC, GA and GB; and through 
G and O draw a straight line to intersect the circum- 
ference of the circle in H. Make the arc GI=bBG; 
and draw the chords IG and IC. By cOnstruction, 
and the cor. to prop. I. book 3. Sim. Euc. BD pas: 


ag 
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ses through the centre of the circle; and hence by 
prop. 50. book 3. Euc. the arc AFB=BGC. Again, 
HD passing through the centre of the circle, cuts 
AC and its parallel FG at right angles; therefore by 
prop. 3. book 5S. Euc. FE=EG, and by prop. 30, 
beck 3. Euc. the arc FB=BG, by construction=GI, 
But the arc AFB=BGC, consequently the are AF= 
GC. In the triangles BGE and EGO, right angled 
at E, the side BE=EO by construction, and EG is 
common; therefore by prop. 4. book 1. Euc. BG= 
GO, and the angle BGF==FGH; whence by prop. 
26. book 3. Euc. the arc FH=FB, by what has been 
shown,=GI. But it has been shown that the arc 
AF=GC, consequently the are AH=CI; and by 
prop. 27. book. 3. Euc. the angle AGH=IGC. Fur- 
ther by prop. 21. beok 3. Euc. the angle GAC= 
CIG, : From what has been already demonstrated, it 
follows that the triangles AGO and GCI are similar, 
and hence AG : GO:: GI: GC. But by construc- 
tion, the arc GI=GB, and therefore by prop. 29. 
book 3. Kuc. the chord GI=GB, which has been 
proved=GO; consequently AG : GO: : GO: GC, 
as was to be demonstrated. 


VI. Quest. 67. Solved by James MGinness, Harris- 
burg, Pennsylvania. 
Let ABCD be the tra- B 
pezium, touching the cir- 
cle EFGH in the points 
E, F, Gand H. From C 
draw a stfaight line cut- A( 
{mg the circumference of H 
the circle in the points I 
and K. ‘Then by prop. 
36. book 3. Euce CLCK 
==CG’*, and also=CF’ ; 
consequently CF=CG. Ina similar manner it may 
be demonstrated that FB=BE, AH==AE, and DH 








eee 














Ly 
H 








( 169 ) 


=DG. Whence CF+BF+AH+HD=CB+AD= 
CG+BE+AE+DG=AB+DC, as was to be de- 
monstrated. 

Corollary BCnAB=DC“AD, and BC“ DC= 
ABw AD. : 


VII. QUEsT. 68. Soleed by Fohkn Cap; . 


Let 6=14 the given base, and x=the altitude, or 
perpendicular height of the triangle. Then it is 


é 
well known that + al =the side of the inscribed 





6+x 
square ; that + 6x=the area of the triangle ; and that 
b%x% 
ep 2bxpa the area of the inscribed sqyeare. 


: b? x? bx 2 
Hence by the question Bitte 4a 
2hx+x%=0 : consequently x=d=—14; and by plain 
trigonometry, the two required sides of the triangle 
are easily found to be 17°5184 and 14°4235. 





VIII. Quest. 69. Solved by William Lenhart, Laiti- 


nore. 


Let ABC be a plane rectilineal 
triangle, in which are given the 
area=a=840, D the point in the AD 
middle of the base AC, the length 
of the straight line BD=d=39, and AD c 
the vertical angle ABC=61° 56. 
Draw CE perpendicular to AB, and put t=+5332029 
the natural cotangent of ABC, the radius being=! ; 
then by trigonometry CE : BE: : 1: t, or BA.CE: 
BA.BE::1:¢% But by mensuration BA.CE=2a; 
and by Quest. 46. Math. Corr. BA,BE=BD' —DC* 
—}?—DC*. Whence by substitution 2¢ : 6>—DC* 
>: 1:3; and by reduction DOC=¥6?—2at=— 


P2 


B 
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2500438 : of consequence AC and the other two 
sides, and angles of the triangle are easily found. 


IX. Quest. 70. Solved by Fohn D. Craig, Baltimore. 














Let ABC be a quadrant of B 
a given circle, C its centre, 
and CA and CB its bound- | 
ing radii.e Let O be the cen- ; 
tre of a semicircle BFC de- g \ F 
scribed on CBas a diameter. oy D 
Bisect OC in D; through D, ; 
and parallel to AC, draw Dc ; A E Cc 


on the centre O, with a ra- 

dius=BD, describe an arc cutting De inc; from c 
draw the straight line cE perpendicular to AC; and 
on the centre c, with the radius cE, describe EGF, 
the required circle. : 


DEMONSTRATION. 


Draw the straight line Oc, intersecting the semi- 
circle BFC in F; also draw the straight line CcG, 
meeting the arc BGA in G: then by construction, 
EcDC is a rectangle, and cE=CD=DO. In the 
triangles CcD and cDO, right angled at D, CD= 
DO, and cD is common; and hence -cC=cO,=BD 
by construction. But since the radius OF=the ra- 
dius OB, the remainder «F=the remainder DO. 
Again, since CG=CB, and cC=BD, therefore -C= 
CD=D0 : of consequence cE=cF=cG. Further, 
it is easy to perceive that the circles BFC and 
GFE touch each other in F, a point in the straight 
line Oc, joining their centres; and for the same rea- 
son, the circles BGA and GFE touch each other in 
the point G. Lastly, because the radius cE is per- 
pendicular to AC, the circle GFE touches AC in the 
point E. Hence the circle GFE has been described 
as was required in the question. 
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4 
X. QuEST. 71. Solved by David Sanford, Newtown, 
Connecticut. 


On AB the given 
base, by prop. 33. book 
3. Euc. describe a cir- 
cle ACBD, such that 


contain an angle, equal 
to the given vertical an- 
gle of the required tri- 
angle. Bisect the arc 
ADB in D; join DA 
and DB; on the centre 
D, with the radius DA 
=DB, describe the arc AcB; and on O, the centre 
of the circle ACBD, with a radius=the given dis- 
tance of the circumscribed and inscribed circles, de- 
scribe an arc, intersecting AcB inc. Through the 
points D and c, draw the straight line DcC, meeting 
ACB in C; join AC and CB; and ACB is the 
triangle required. 





DEMONSTRATION. 


Join Ae and cB. Then since D is the centre of 


the circular arc AcB, DB=Dc, and the angle DBc= 


DcB. But the angle DBe, (—=DcB),—=DCB+CBc; 
the arc BD=the arc DA; and the angle DCB= 
ABD. Consequently the angle DBc, (=DBA+ 
ABc),=DBA+CBc; the angle ABc=cBC ; and Be 
bisects the angle ABC. In the same manner, it 
may be proved that Ac bisects the angle CAB; and 
hence, by prop. 4. book 4. Euc. c is the centre of 
the circle inscribed in the triangle ACB. © Lastly, by 
construction, AB=the given base; ACB=the given 
vertical angle ; and Oc=the given distance between 
the centres of the circumscribed and inscribed circles: 
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therefore ACB is the triangle sought, as was to be 
demonstrated. 


METHOD OF CALCULATION. 


Join DO, and bisect AD in E; then a straight line 
joining O and E will be perpendicularto AD. Now 
it is readily perceived that DO bisects the angle 
ADB, the supplement of the given angle ACB; and 
it is well known that the angle ACD=DCB=ABD 
=DAB; that the angle ADC=ABC; and that the 
angle BDC=BAC. In the isosceles triangle ADB, 
are therefore given the side AB and all the angles, 
to find AD andits half DE. In the right angled tri- 
angle OED, are given the side DE and the oblique 
angle at D, to find the hypotenuse DO. In the tri- 
angle cDO, are given DO, cO and De=AD, to find 
the angle ODc: whence the angles ADC and CDB, 
respectively equal to the sum and difference of ADO 
and ODC, will also be known. Lastly, in the trian- 
gle ACB, are given the base AB and all the angles, 
to find the two unknown sides AC and CB. 


XI. Prize Quest. 72. Solved by the proposer, Foseph 


Cowing, Alexandria. 











Let C be the centre, AE the diameter of the given 
circle AGE &c. and A the assumed point. Also 
let the given ratio be thatof LM to CE. From the 
centre C, and at right angles to AE, draw CG, bisect- 
ing the arc of the semicircle AGE in G; and join 
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CE. From.the point M, and perpendicular to LM, 
draw MP=GE;; bisect LM in O; join OP; and on 
the centre O, with the radius OP, describe a semis 
circle, cutting LM produced in N and n. In the 
given circle AGE &c. inscribe AD=nM and Ad= 
MN; from D and d draw the tangents DB and @, 
meeting AE produced in B and 6; then either B or 
6 is the point required. 


DEMONSTRATION. 


Draw AD and Ad, intersecting CG in F and /; 
and on Ad let fall the perpendicular Cg. Join DE, 
dA, CD and Cd. Then by similar triangles AD : 
AB:: DF: DC=CE; and Ad: Aé:: df: d= 
CE. Also AD-AF=AE.AC=2.CE?=GE*=MP’, 
=nM.MN by construction; and Ag.Af=AC =CE’, 
or (2.Ag.Af=) Ad.Af=2.CE*=nM.MN. But AD 
was made=nM, and Ad=MN;; therefore AF=MN, 
and Af=nM. Whence DF=df=LM; and conse- 
quently AD: AB:: LM: CE, and Ad: Aéd:: LM: 
CE, as was to be demonstrated. 


ScHOLIUM, 


The point B can be found only when LM is less 
than CE; and in this case the arc DE is always less 
than a quadrant. The point 4 may always be found; 
and the arc Ad is universally less than a quadrant. 
All this may be easily demonstrated from the above 
construction, 


‘ 
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solicit our contributors to endeavour to render their solutions as 
perfect as possible. 
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It is probable our first volunie will be completed in ten and « 
h.!f numbers. Any improvements in the solutions published, 
will b4’thankfully received, and inserted at the end of ths 
volume. y 

Our country subscribers, who have already sent us one dollar, 
will please to remit us one dollar more; and those who have hi- 
therto made no payments, must remit us two dollars, or their 
numbers will be stopped, and their names published. 


ARTICLE XXIII. 


The two first Chapters of Baron Maseres’ Dissertation 
on the use of the Negative Sign in Algebra, published 
with a view of drawing the attention of American 
Mathematicians to a careful perusal of the original 


work. 


CHAP. I, 


The Definition of a Negative Quantity, in the sense in 
which it is used throughout this Dissertation; together 
with the plan or design of chap. 1 and 2. 


“ 1. The clearest idea that can, as I apprehend, be 
formed of a negative quantity, is that of a quantity 
that is subtracted from another greater than itself, 
To denote this subtraction, the subtracted quantity 
has the mark or sign—, which is called minus, pre- 
fixed to it, as the sign+, which is called plus, is pre- 
fixed to a quantity that is to be added to another. 
Thus if 4.is to be added to a2 (in which case a may be 
either greater or less than 6), their sum will be wrote 
thus, a+0; if is tobe subtracted from a (in which 
case a must be greater than 4), the remainder, or 
difference, will be wrote thus, a—é. 

| 2. Hence itis evident that a single quantity can 
never be marked with either of these signs, or con- 
sidered as either affirmative or negative; for if any 
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single quantity, as 4, is marked either with the sign+ 
or the sign— without assigning some other quantity, 
as a, to which it is to be added, or from which it is 
to be subtracted, the mark will have no meaning or 
signification ; thus, if it be said that the square of —5, 
or the product of—5 into--5, is equal to+25, such 
an assertion must either signify no more than that 5 
times 5 is equal to 25, without any regard to the 
signs, or it must be mere nonsense and unintelligible 
Jargon : : Ispeak according to the foregoing definition, 
by which the affirmativeness or negativeness of any 
quantity implies a relation to another quantity of the 
same kind to which it is added, or from which it is 
subtracted ; for it may perhaps be very clear and in- 
telligible to those who have formed to themselves 
some other idea of affirmative and negative quantities 
different from the above-defined. 

{ 3. Now, what I here propose, is to apply the ope- 
rations of arithmetic to compound quantities, consist- 
ing partly of affimative and partly of negative quan- 
tities, or to the differences of simple quantities, and 
to demonstrate the rule usually given for multiplica- 
tion, to wit, that -- x4-gives—,-++- x —gives —, -+xX+ 
gives+, and— x —gives+, or that as often as the 
signs of the multiplier and multiplicand are alike, the 
product is to be marked+, and as often as they are 
unlike, the product is to be marked—. 





CHAP. II. 


’ 


Of the several Operations of Algebra. 


Sect. J. 


Of the Addition and Subtraction of Differences. 


€ 4. The addition of the differences of quantities is 
performed thus. If the difference of two quantities 
¢ and 4, whereof a is the greater, is to be added toa 
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third quantity c, the greater quantity @ must be added 
to c, and the lesser subtracted from the sum of ¢ and 
a, and the remainder c-+a—é will be the sum oft 
and a—4 required; or in other words the compound 
quantity a— 4 is added toc by commecting it, or writ- 
ing it near to, or in the same line with c, without 
altering the signs of its members a and 4 

This, if it be thought to want a proof, may be 
shown from the following principle, to wit, that “ if 
from two unequal quantities, two equal quantities be 
subtracted, the difference of the quantities will not 
thereby be altered, but will be the same after the sub- 
traction as before it;” for from hence ’tis evident, 
that if from each of the quantities ¢+¢ and a the 
quantity 4, which is less than either of them, be sub- 
tracted, the remainder of the former of these quan- 
tities will exceed the remainder of the latter by c, 
that is, the excess of c+a above 6 exceeds the quan- 
tity @—d byc; therefore the excess of c+a above 
6, or the quantity c+a—4é is equal to the sum of ¢ 
anda—6 9, 2. D. 


Fiour_E I. 
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Thus if ¢ is represented by the line DC, a by CA, 
6 by BA, and (consequently) a—é by CB, ’tis evident 
that if CA be added to DC, and BA be subtracted 
from the sum DA, the remainder DB will be equal 
to the line DC increased by CB, the difference of the 
lines CA, BA. 

The same will be evident, if instead of a--d we 
should add a compound quantity, consisting of any 
number of terms whatsoever, as a—4+-d—e-+-f, or 
at+d+f—b—e, to c; to wit, that these quantities 
must be connected with c without altering their signs, 


ms 
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‘or that the sum of c and the compound quantity e—J 


+d—e+f is equal to cta—b+d—etf. For let 
a-+-d+-f—=m, and 6-+-e=n, and we shall have (by what 
has been already shown) the sum of c and m—wa 
equal to c-+m—un; therefore the sum of c and a+d 
-+-f—b—e is equal to c--atd+tf—db—e, or the 
sum of ¢ and a—é+d—e-+-/ is equal to c+¢—b+d 
—e+f. 

“| 5. The subtraction of the differences of quantities 
is performed thus. If the difference of two quanti- 
ties a and 4, whereof a is the greater, is to be sub- 
tracted from a third quantity c that is greater than 
that difference, the lesser quantity 4 must be added 
toc, and the greater quantity a must be subtracted 
from the sum of ¢c and 4; and the remainder c-+-d—a@ 
will be equal to the excess of c above the compound 
quantity ¢@—4 required. Or, in other words, the 
compound quantity a—6é is subtracted from ¢ by 
connecting it, or writing it near to, or in the same 
line with c, and changing the signs of its members 
a and 0. 


Ficure II, 


D A B Cc F 





The proof of this may be derived from the follow- 
ing principle, to wit, that “ if to two unequal quanti- 
ties, two equal quantities be added, their difference 
will not thereby be altered, but will remain the same 
after this addition as it was before it. For from 
hence it is evident, that if to each of the two unequal 
quantities c and e—9é the quantity 6 be added, the 
excess of c+ above a, or the quantity c+é6—a, will 
be equal to the excess of c above a—d 2, £. D. 

Thus if c is represented by the line DC, a by the 
line CA, 6 by BA, and (consequently) c—4 by CB, 
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tis evident that if a line CF equal to BA be added to 
DC, and from the sum DF the line BF (which is 
equal to CA) be subtracted, the remainder DB wyl 
be equal to the excess of the line BC above CB the 
difference of the two lines CA, BA. 

The same will be evident if instead of c—é we 
should subtract a compound quantity, consisting of 
any number of terms whatsoever, as a+d+f—-d—e, 
or a—d-+d—e+/, from c, supposing ¢ to be greater 
than that quantity, to wit, that these terms must be 
connected with ¢ with their signs changed; or that 
the excess of c above the compound quantity a — 6+- 
d—e+f is equal to c—c-+-d—dte—f, or c+-b+e— 
a—d—f. For let a+d+f=m, and d+e=n, and (by 
what has been already shown) we shall have the ex- 
cess of c above m—n equal to c-+n—m; therefore the 
excess of c above a+d+/—d—e is equal to c+4+4+¢— 
o—d—/f. 


Secr. II. 


Containing Demonstrations of iwo very important Prin- 
ciples of Arithmetic. 


§ 6. In order to demonstrate the rule for the mul- 


tiplication of differences, or of compound quantities - 


consisting partly of affirmative and partly of negative 
members, it will be necessary to premise the two 
following principles. 

Ist. If there be two quantities of any kind a and m, 
the product that arises by multiplying ¢@ by m is equal 
to the product that arises by multiplying m by ¢; or 
the product ma is equal to the product am. Thus, 
3 times 7 is equal to 7 times 3. 

2d. If any number of quantities a, 6, c, are sepa- 
rately multiplied into any quantity m, the sum of the 
products mada, mo, mc, will be equal to the product 
that arises by first adding those quantities together, 
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and then multiplying their sum into m; or, to ex- 


press the same thing in algebraic symbols, a+4+e 
Xm=ma+mbtme. 

“| 7. It may not perhaps be amiss, before we pro- 
ceed any further, to make an observation or two con- 
cerning the meaning of the word multiplication, 
which is here supposed to extend to all kinds of 
quantities incommensurable as well as commensura- 
ble. The primary signification of this word is evi- 
dently repetition, or the taking a quantity over and 
over again a certain number of times, to wit, so 
many times as is expressed by the multiplicator, or 
as there are units in the multiplicator, or it is the 
finding a multiple of any proposed quantity ; this is 
multiplying by a whole number: it afterwards came 
to be applied to fractions, and it became as common 
to speak of multiplying a quantity by a fraction as of 
multiplying it by a whole number; but this is in 
re ality a double operation, consisting of a division 
and a multiplication ; for it is multiplying an aliquot 
part of the .multiplicand, or first dividing it into a 
certain number of equal parts, and then finding a 
multiple of one of those parts: thus multiplying a 
quantity by ¢ is first dividing it into 5 equal parts, 
and then findi »g a quantity that shall be equal to four 
of those parts. Now in both these senses it will be 
found to be true, that if we suppose the multiplicand 
and multiplicator to be both quantities of the same 
kind, for instance lines, their product will be a quan- 
tity of the Same kind also, and will be a fourth pro- 
portional to the quantity or line cailed unit (or the 
quantity to which the multiplicator and multiplicand 
are referred, or whereof they are considered as either 
multiples or parts) the multiplicator and the multi- 
plicand. As therefore this property belongs to both 
these kinds of multiplication, but is itself more ex- 
tensive than either of them, and is capable of being 
applied to incommensurable as well as commensura> 
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ble quantities (proportionality being common to both 
these kinds of quantities), algebraists, when they 
found occasion to extend the operation, and name 
of the operation ef multiplication, to incommens#- 
rable as well as commensurable quantities, or num- 
bers, determined it by the fore-mentioned property, 
understanding always by the multiplication of two 
quantities the finding a fourth proportional to the 
quantity called unit, the multiplicator and the mul- 
tiplicand; for all these quantities, and in general all 
the quantities that enter into the same calculation, 
are supposed to be quantities of the same kind. 

{ 8. Both the foregoing principles mentioned in 
§ 6, belong to commen arithmetic; and the latter 
in particular is that upon which the common rules 
for multiplication are founded: thus, if any number, 
as 575, greater than those which are denoted by a 
single figure, is to be multiplied by 4, ‘tis difficult to 
see at once what number 4 times 375 is equal to; 
therefore ‘tis usual to divide it into three parts, to 
wit, 5, 70, and 300, and to multiply each of these 
parts by ¢, and then add the products together, as 
follows: 4 times 5 its 20; 4times 70 is 280, to which 
if we add 20 the sum will be S00; and 4 times 300 
is 1200, to which if we add 300 (the sum of two for- 
mer products) we shall have 1500 for the sum of the 


three products 20, 280, and 1200: and this sum is’ 


equal to the product of 375 into 4 by the latter of 
the foregoing principles. Now, though both these 
principles belong to common arithmetic (at least as 
far as they relate only to commensurable quantities, 
or numbers), afd therefore migit here be taken for 
granted, or be supposed to be already known, yet, 
as most writers on common arithmetic assume them 
without a demonstration, it may not be amiss to di- 
gress.a little from the subject we are now upon, to 
give the following proofs of them. 

49. The first of these principles may be proved 
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thus. The product ma is a fourth proportional to I, 
m,anda; thatis, 1:m::a: ma; therefore permu- 
tando1:a::m:ma. But the product a m isa fourth 
proportional to 1, a, and m; that is, l:a@::im: 
am; therefore m: ma::m:am; consequently ma 
is=am. 9,H. D. 

From this principle may be deduced the following 
corollaries, which are of the greatest use in algebraic 
and arithinetical computations. 

Coroll, 1. If there be three quantities a, 4, c, 
their product will be the same in whatever order they 
are multiplied. For since ad is=da, it follows that 
wbXc iss=baxc, or cab=cba; in like manner, be- 

cause 4c isc, dcxa will besecdxa, or abc=acb; 
und because ac is=ca, acxé will be=c axé, or bac 
==bca. But because 1: 6::c: bc, andd:ad(:: 
i :a@)::c: abc, it follows (by El. 5, 22.) that 1 
ab::c:abce. Again, because (Il :¢2:a@3ca, an 
permutando) 1:a::¢:ca, anda: ba(::13: 6): 
ca: ca, it follows (by El. 5, 22.) that 1: *p s3¢ 
éca, and consequently, because 6a is=ad, 1: ab: 
¢% b ca But it was just now shown that | : rt 2 ¢ 
: abc; therefore c: abc: :¢: ca, andconsequently 
abc is=dce; therefore acb=abc=bca=bac, or the 
four products acb, abc, bca, bac, are equal to each 
vther; and in the same manner it may be shown that 
they are likewise equal to the two remaining pro- 
ducts cab andcéa. Therefore all the six products 
that arise by multiplying together the quantities a, 4, 

and c, according to all possible combinations, are 

equal to each other. 9, £. D. 

‘Coroll. 2. In the same manner it may be shown, 
that if there be any four, or more, quantities, a, 4, 
cy d, &c. the products that arise by multiplying them 
all together will be the same, in whatever order 
they are multiplied. 
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Coroll. 3. Hence it follows, that if mbe the index of the. 
powers of any two quantities @ and 4, 4 ” x b" will be=. 
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a”, or the product of the mth powers of the two 


quantities will be equal to the mth power ef the pro- 
duct of the quantities themselves. For, by Corolb 
2, axaxXaxXaxax kc. continued to m terms multi- 
plied into 6xdx4xbxéx &c. continued to the same 
number of terms, will be equal to abxabxabxabx 
abx &c. continued likewise to m terms; that is, a” x 
bab”. 9, E. D. 

This last corollary may be demonstrated in the 
following manner, from the well-known method of 
compounding, or adding ratios together, by multi- 
plying antecedent, into “antecedent, and consequent 
into consequent ; concerning which, see Dr. San- 
PERSON’s excellent discourse upon the composition 
and resolution of ratios, in the second volume of his 
Algebra. The ratio of a” x4” to | is equal to the 
sum of the ratios of a” to 1 and of 4” to 1, and 
therefore to the sum of m times the ratio of 4 to 1 
added to the sum of m times the ratio of 4 to 1, and 
therefore to m times the sum of the ratios of a2 to 1 
and of 6 to 1, and consequently to m times the ratio 


of aé to 1, and therefore to the ratio of a3” to 1; 
consequently Pa, eee a 9, E. D. 

Coroll. 4. Hence it follows that ./” ax,/” = 
Jab, For put /a=d, /” b=e, and /™ab=y/. 
Then will d“=a, e"=6, and f/’=ad; therefore d” ce” 
(=a6)=/"; and, by the last corollary, de=f, that 


iS, SM" ax /™ fone ah 9, E. D. 
Coroll. 5. Ifais= > a” will be ==— Fn For since a 
c 


= 3: we shall have ad=c, and a” xb" == (by Coroll. 


e™ 


3.) aduzec™; consequently a7=—. Q; E. D. 
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fre 
Coroll. 6. Ifa is =F fa will be = as For 
put /"e=d, ,/” bee and ./” c==/; and we shall 
have d"=a, e”=0, and f"==c, and consequently d* 


CF ma 
(=o=5] =f, Therefore, by the converse of Coroll. 


5, d will be =f, or /”a willbe = yao 9,E. D. 


Coroll. 7. ’Tis evident that these corollaries are 
true of any number of quantities whatsoever, as well 
as of two quantities. Thus, a” 4” co” d™ e™ &c, is= 
abcde ke. ™, and f/™a fb Yc f/™d Ye Ke, 
=m ./™" aocdek&e. 

10. The second of these principles may be de- 
monstrated in the case of whole numbers, from the 
analogy between arithmetical products and geome- 
trical rectangles. Tor if it can be shown that what- 
ever is demonstrated concerning the latter kind of 
quantity is applicable likewise to the former, the de- 
monstration of the first proposition of the second 
book of Euciip’s Elements will be a demonstration 
of this second principle of arithmetic. Now this 
analogy is explained by Sir Isaac Newrow, in the 
beginning of his Arithmetica Universalis, in the fol- 


lowing manner. If there be any two whole num- 


bers 2 and 6, and two right lines to be taken in the 
proportion of these whole numbers, the number of 
units in the arithmetical product of @ and 6 will be 
equal to the number of geometrical squares of unity, 
or squares whose sides are equal to the line repre- 
senting an unit, contained in the rectangle under the 
two lines. Thus if a be 3, and dbe 4, and CB, BA, 
Fig. S. be two lines in the proportion of three to four, 
so that CB shall represent the number 3, BA the 
number 4, and consequently BD, which is the third 
part of CB, or the fourth part of BA, shall represent 
a unit, the number of units contained in the nume- 
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rical product of 3 and 4 will be equal to the number 
of little squares, each of whose sides is equal to the 
line BD, contained in the rectangle AC ; for in both, 
the number is twelve: the reason of which is this; 
the rectangle may be considered as produced by ad- 
ding together three rectangles, each equal to AD, 
whose base is the line AB, which represents the 
multiplicand 4, and its height BD, or unity, and 
which consequently contains 4 little squares of unity; 
and the numerical product of 4 into 3 is produced by 
taking the number 4 three times, or (to use the 
same expression as before) by adding together three 
numbers, each of which contains 4 units. And this 
reasoning, and consequently the analogy between 
products and rectangles derived from it, evidently 
holds of any other numbers whatsoever. Conse- 
quently, whatever is demonstrated concerning the 
proportions of geemetrical rectangles (those propor- 
tions being the same with the proportions of the 
numbers of the squares of the line that represents an 
unit contained in them), is true likewise of the pro- 
portions of the products of numbers proportional to 
the sides of those rectangles. Thus, for instance, all 
the second book of Euvciip’s Elements is true of 
products as well as rectangles. 


Ficvure III. 
B D A 
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§ 11. But the proper proof of this principle in the 
ease of whole numbers, or that which is purely alge- 
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braic, or derived immediately from the nature of 
quantity in general, without having recourse to the 
properties of any particular kind of quantity, as lines 
or surfaces, is that which Evcirp has given of it, 
in the first proposition of the fifth book of his Ele- 
ments; he having there demonstrated, that, if there 
be awo sets of quantities, a, 4,c, and ma, md, me, 
whereof each quantity in the latter set contains each 
quantity in the former set m times, the whole latter 
set will contain the whole former set m times; that 
is, when expressed in algebraic characters, ma-+mé 


-+-mc is =a+d+cxm. 
( Te be continued. ) 
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ARTICLE XXIV. 
New Qvesrions to be solved in the next Number. 


I. Quest. 73. By Facoh Winooski, Green Mountains, 
Vermont. 


Five political vagabonds A, B, €, D and E, are 
to be transported from the city of New-York. The 
transportation of A, B, and C, will cost $101; of 
B,C, and D, $1138; of C, D, and E, $116; of A,D, 
and KE, § 112; and of A, B, and E, $116: what will 
be the expence of transporting each. 


II. Quest. 74. By Peter Spangler, York-Town, Penn. 


From the vertical angle of a given right angled 
platie rectilineal triangle, it is required to. drawa 
straight line to cut the base, so that the area of the 
oblique angled triangle intercepted between the hy- 
potenuse and the required line, the square of the base 
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of this oblique angled triangle, and the square of the 
required line, taken together, may be equal to the 
square of the hypotenuse. 


III. QUEST. 75. By James MGinness, eons 


Pennsylvania. 
In page 142 of the Mathematical CorretpBritent, 


itis said that sean 
page 145 of the same work, it is asserted that 
f/2 
Jf/2+t 
tion of the truth or falsity of these two equations. ° 


X s==(2—,/2)xs: 1 demand a demonstra- 





IV. Quest. 76. By Fohn Smithis, Philadelphia. 


In extracting the roots of the powers of numbers, 
why do we make the number of digits in a period, 
equal to the exponent of the power? 


V. Quest. 77. By Thomas Maughan, ‘Quebec. 


Required an investigation of the principles of Plain 
Sailing in Navigation. 


VI. Quest. 78. By Fohn Capp, Harrisburg, Penn. 


Determine, by algebra, the number of degrees, &c. 
contained in an angle, whose cosine is equal to its 
tangent. 


VII. Quest. 79. By James M‘Cormic, Carlisle, Penn. 


In a trapeziod are given one of the two parallel 
sides, considered as a base, the two angles adjacent 
to the base, and the area, to determine the altitude 
or perpendicular height of the figure. 


Xs = (2,/3—3) xs; and in 
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VIII. Quest. 80. By the Rev. T. P. Irving. 


My tortoise-shell snuff-box, ingeniously wrought, 
With iv’ry adorn’d and gold spangles, 

Has sides, ends and bottom, all square like its top, 
And equal its eight solid angles. 

A rng ilag nally, roll’d o’er its lid, 
Completes’an entire revolution, 

And marks, by a punctum, aycurve, that contains 
The clew to this question’s solution. 

Three inches, and more, by two ones, nine and four, 
Plac’d after the decimal sign, Sirs, 

Extended on Gunter’s old iv’ry or box, 
The length of the curve, will define, Sirs. 

The curve, tho’, exceeds the diag’nal within ;— 
Take out, then, by simple subtraction, 

One, three nines, six, eight, nine, six, one and a five, 
Express’d in a decimal fraction. 

Moreover, this box cramm’d with choice Macuba, 
One half day (the hours of vocation,) 

Just serves to regale my olfactory nerves, 
And stimulates sweet sternutation. 

Pray find me a box, to regale me a day, 
(E it erit extrem’ obligatio ;) 

Retaining the depth, make the length to the breadth 
As fourteen to eight, in a ratio. 








IX. Quest. 81. By Facob Cochran, Rockland, New- 
Ferseye 
How far must a Ship sail ona S. W. by S. course; 
from a port im Lat, 38° 15’ N. before her Latitude 
and difference of Longitude become equal? — 


X. Prize Quest. 82. By Fohn D. Craig, Baltimore. 


In a circular arc less than a quadrant, itis required 
to find the relation between that arc and its cotangent, 
when the rectangle of the arc and its cosine is a max- 
mum. 
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ARTICLE XXV. 


Sotu7ions of the Quesrions proposed in ARTICLE Xx1Ve? 


I, Quest. 73. Solved by the proposer, Facob Winooski, 
Green Mountains, Vermont. ~ 


Let the expenses of transporting A, B,C, D and 
E; be respectively represented by 4,4, ©, d, and ¢ 
dollars. ‘Then by the question, 

a+6+c=101 
6+c+d=113 
c+d+e= 116 
atd+te=1i2 
a+b+e=116 : 

Now the sum of these five equations, divided by 3, 

gives the equation F, or 44+6+c+d+e=186; and 
the five original equations, severally subtracted ‘from 
F leaves 

G, or d+e=85 

H, or a+e=73 

I, or a+4=70 

J, or 64+c=74 

K, or c+d=70. 


Lastly itis evident that F—J+G=e+6+c+d+e— © 


btc+d+e=a = 186—159=27; whence, from the 
equations I, J, K and H are found 6=43, c=31, 
d=39, and e=46 dollars, the sums required. 


II. Quest. 74. Solved by the proposer, Peter Spangler, 

York-Town, Pennsylvania. 
Let ABC be the given right angled 
plane rectilineal triangle, and BD the 
required straight line; then by men- 
suration }.AD.BC=the area of the 
oblique angled triangle ABD. Now by 
the question £ -AD.BC+AD*+BD* = 

AB’; and by prop. 12. book 2. Euce A =D C 
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2,AD.DC+AD’ + BD *= AB?: whence 2.AD.DC 

=};-AD.BC, 2DC=}.BC, and DC=1i.BC. 
Garollary, When the base is Jess than one-fourth of 

the perpendicular BC, the question is impossible. 


TI. QUEST. 75. Solved by Henry Smith, New-York. 


Tt is well known that the product of the sum and 
difference of any two quantities-is equal to the differ- 
ence of their squares, and that the value of a frac- 
tion is not altered by an equal.multiplication of its two 
terms. 


Let now the numerator and denominator of v3 -Xs 
24-3 » 


a/v 





te each multiplied by 2—,/3, and we obtain 


o 





xs 


24/3 

VW3—3 
1 

of the Mathematical Correspondent. Again by mul- 
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Xs==(2,/3—3) xs, the same is in page 142 


went f2 
tiplying the two fractional terms of a4 xs, by 


Z—~f2 


5) as was. asserted in page 145. of the wark above 
mentioned. 





S == 





4/2—1 we have 


IV. QuEst. 76. Solved by the proposer, Fchn Smithis, 
Philadelphia. 


To answer this question I shall here demonstrate 
the following Lemma, which is in substance nearly. 
the same as that in page 165 of the 7th edition of 
Bonnycastle’s Arithmetic. 

Lemma. The number of digits in the ptoduct of 
any two numbers .can neither be greater than the 
sum of the digits. in the two facters,. nor Jess.than the 
sum of the same digits diminished by a unit. 
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DEMONSTRATION. 


9y99,999,9999, &e. are the greatest possible in re- 
spect to their number of digits. Now, the product’ 
of any two of these, suppose 99999, is less than 
999x100; but 999x100—99900, tontains only as 
many digits are in 999 and 99: whence it evidently 
follows, that the number of digits in the product of 
any two numbers cannot excced the sum ofthe digits 
in the two factors. 

Again 1, 10, 100, 1000, &c. are the least possible 
with regard to their number of digits. And the pro« 
duct of any two of these, for instance 1000x100=— 
106000, evidently contains a number of digits, which 
is one less than the sum of the digits in the two fac- 
tors 1000and 100. But since 1000 and 100 were the 
least possible in respect to their number of digits; 
the product of any two numbers respectively com- 
posed of the same number of digits will be greater 
than 100000. 

Hence itis easy to infer that the number of digits 
ia the product of any two numbers cannot be less 
than the sum of the digits in the two factors, dimi- 
nished by a unit, as was to be demonstrated. 

Corollary 1. The number of digits in any squate 
number can neither be greater than twice the digits 


in the root, nor less than twice the digits of the same © 


root, diminished by one. 

Cor. 2. The number of digits in any cube number 
can neither be greater than thrice the digits in the 
root, nor less than thrice the digits. ofthe same root, 
diminished by two. 

Cor, 3. Let ¢ and n be any two numbers, and m= 
the number of digits ina; then the number of digits 
in a” can neither be greater than mm, nor less than 
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SOLUTION. 


In extracting the roots of the powers of numbers, 
we begin at the units place, and separate the given 
power into periods, each containing a number of digits, 
equal to the exponent of the power. This well known 
process being attentively considered, in conjunction 
with the above lemma and corollaries, it will evi- 
dently appear that the nuniber of periods in the 
power is always equal to the number of digits in the 
root; which, from the nature of the question, was to 
be shown. 


V. Quest. 77. Solved by the proposer, Thomas Mau- 
ghen, Quebec. 


In‘a projection of the K; 
spherical earth, let P be 
the pole, and PA, PB, 
PC, PD, &e. meridian 
circles, here represent- 
ed by straight lines. 
Imagine a ship to sail 
from the point A on any 
Oblique course PAdé ; 
and she will evidently 
intersect the meridians 
at a constantangle equal 
to that course. Hence her path will be a spiral line 
Adcdef, &c, making the angles PAd, Péc, Pcd, Pde, 
&e. all equal one to another, until the vessel’ arrive 
atthe pole P. The line Adcde, &c. is by the theoreti- 
cal writers on navigation called the loxodromic 
spiral, from the two Greek words, /oxos, signifying 
ebligue, and dromos, a course. 
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In the annexed projection of 
a portion of the spherical earth, 
P represents the pole, and PA 
and PB two meridians. Leta 
ship from A sail on an oblique 
course along the foxodromic 
spiral Agl23, &c. until she ar- 
rive at C; through C and A 
draw the parallels of latitude 
CD and AB; and AD=CB is 
the Difference of Latitudebetween A and C. Further, 
since a ship’s Meridional Distance is known to be “ her 
“ distance from the meridian she has left measured 
“ on the parallel of latitude she is in ;’’ it is plain that 
CD is the ship’s meridional distance at C from A. 
But the Jleridional Distance differs essentially from 
the Departure; for “ Departure is the whole easting 
“ or westing, continually made by a vessel, in steer- 
“ ing an Oblique course.” To iflustrate this, imagine 
the loxodromic distance AC to be divided into infi- 
nitely small equal parts, in the points a, 1, 2, 3, 4, 
&c. and through these points draw the meridians Poa, 
Pol, Po2, PoS, &c. and 6a, 01, 02, 03, &c. arcs 
of parallels of latitude. Then since the meridians 
converge towards the pole P, the Departure, =ba+ol 
+02+03+k&c. is greater than DC the Meridional Dis- 
tance. But had the ship sailed from C, on an equal 
and opposite course, until she arrived at A, her Depar- 
ture, oOC-+04+03-+02+&c. would have been less than 
AB, her Meridional Distance at A from C. Having 
now shown the difference between Meridional Dis- 
tance and Departure, I shall next demonstrate the 
following general 


THEOREM. 


_In sailing on an oblique ‘course, radias is to the co- 
sine of the course, as the distance ‘sailed is to the dif- 
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ference of latitude; and radius is to the sine of the 
course, as the distance sailed is to the departure. 


DEMONSTRATION. 


In the last of the above two figures, the right angled 
triangles Ada, aol, 102, &c. are by hypothesis infi- 
nitely small. Put radius=1, the cosine of the course 

==c, the sine of the course=s, and ned variable por- 
tion of the loxodromic distance AC=x; then is the 


infinitely small distance Aa=x. But ¥ Trigonome- 
try 1:¢::%: ¢x =Aé the fluxion of the difference 


of latitude ; 1:5:: x: sx=dathe fluxion of the depar- 
ture. Now, since in every point of the loxodromic 
distance AC, the fluxion of the distance, that of the 
difference of latitude, and that of the departure, are 


as xs cx and $x; or as 1, c, and s; or as radius, 
cosine, and sine of the course; it follows that their 
contemporary fluents, the distance sailed, the differ- 
ence of latitude, and the departuve, are also in the 
same ratios; as was to be demonstrated. 

Corollary 1. In sailing from A to C, on the oblique 
course PAa, let AD, the difference of latitude, went 
unbent from its circular curvature, be equal in length 
to the straight line EF, drawn in 
the direction of the meridian; and FF G 
let the departure=da+o1-+02+03 
+&c. when unbent from its circu- 
lar curvathres, be equai in length 
to the straight line FG, drawn per- 
pendicular to FE. The straight 
line GE, joining the points G and J 
KE, will be equal in length to the 
loxodromic distance AC; and the angle E, opposite 
to FG, will be equal to PAg, the course steered by 
the vessel. For, by Trigonometry, EG, EF and FG 
are as radius, cosine and sine of the angle E. 
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Corollary 2. The course, the distanee, the differ. 
ence of latitude, and the departure, may always be 
constructed by means of a plane rectilineal triangle, 
and calculated by Plain Trigonometry: and hence, 
say Mr. Emerson and other mathematicians of the 
greatest eminence, “ originated the name of Plaig 
Sailing.” 


ScHOLIUM. 


Dr. Halley, Mr. Emérson, Dr. Hutton, and others, 
in perfect unison with all the mathematicians of mo- 
dern times, haye drawn their demonstrations of Plain 
Sailing from the principles here used. “ But an ig- 
‘ norant rabble of quack navigators, has, as the 
‘“‘ learned Mr. Hodgson, F. R.S. justly observes, poi- 
“ soned the minds of seamen, with the pernicious 
“ doctrine that Plain Sailing considers the earth as a 
“‘ plane, on which the meridians are parallel straight 
‘¢ lines ; two suppositions which are false and ridicu- 
‘“‘lously absurd. The seaman deluded by these false 
‘‘ notions cannot possibly form a true idea either of 
‘“* Middle Latitude or of Mercator’s sailing ;, and con- 
** sequently the principles of his favourite art are for 
“ ever buried under the rubbish of quacks and im- 

‘* postors.”” In England this spurious, system has 
been vigorously attacked by some of the best mathe- 
maticians of the present age. See Emerson’s Naviga- 
tion, Emerson's Mathematical Principles of Geogra- 
phy and Navigation, Dr. Hutton’s Miscellanea Ma- 
thematica, The British Palladium, &c. &e. In 
America Mr. Baron has, in a small pamphlet, exhi- 
bited the genuine principles of Navigation, and com- 
pletely refuted these errors. This pamphlet is sold 
in New-York by T. & J. Swords, and in Philadelphia 
by W. P. Farrand and Co. price 25 cents. Young 
navigators, not acquainted with the higher branches 
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of the mathematics might, in my opinion, derive con- 
siderable benefit from acareful perusal of that work. 
T. M. 


VI. Quest. 78. Solved by Fatob Winooski. 


Put r=radius, s=the sine, c=the cosine, and t= 
the tangent of the required angle; then by Trigono- 


rs as 
metry, c:5::r:—=t, =c per quest. Whence 
c 


roanc* say? «52, Of s*4+rs=r* ; from which we find 
Su irx (4/5——1) =°6180340 xr, the natural sine of 
38° 10’ 22”, the quantity of the required angle. 
Corollary. In this angle the secant is equal to the 
cotangent: for by Trigonometry, 
cirt:r: secant, 
and t=c : r:: r: cotangent. 


VII. Quest. 79. Solved by Robert Adrain, Reading, 


Pennsylvania. 
Let ABCD be the trapezoid, hav- AE 
ing the parallel sides AB and CD, fi 
either of which as AB is given, to- _ ? 


gether with its adjacent angles, and 








the area of the figure ABCD. From Cc 
D draw DF at right angles to AB. 
Produce AD and BC to meet in E, 
and the trmangles ABE and DCE iB 


are similar and have. given angles, 


and AB is given: whence the side AE, and the area 
of ABE become known; and the area of ABCD 
taken from the area of ABE, leaves the area of DCE. 
Lastly, the area of ABE is tothe area of DCE asthe 
square of AE is to the square of DE; whence DE is 
known, and of course AD and DF are also known. 
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VIII. Quesr. 80. Solved by the proposer, the Rev 
Thomas P. Irving, Newbern, North-Carolina. 2 


From the conditions of the question, +1999689615 
subtracted from 31194 the length of the curve, leaves 
2°9194310385=—the diagonal of the cubical box. And 
since in a cube, the diagonal : the side: : 4/3: I, 
we have ,/3 : 1 : : 299194310385 : 1°685534=— s the 
side of this box, which, by the question, is equal to 
the depth of the box required. Let now, according 
to the question, 4x and 7x represent the breadth and 
length of the required box ; then by mensuration and 
the question 4xx7xxs=2s3, from which x==s+-,/14 
= *450478 : consequently 4x = 1801912, and 7x = 
3°153346 inches, the length and breadth of the bos 
required. 


IX. Quest. 81. Solved by N. Young, near Lexington, 
Kentucky. 


By a few trials, we readily find by Mercator’s Sail- 
ing, that the difference of longitude corresponding 
With latitude 16° 35’ N. (=995’) and the given course, 
is 987*7’, which is 7:3 too small. Again, by the 
same means, we find the difference of longitude cor- 
responding with latitude 16° 30’ N. (=990’) and the 
given coursé, is 991*2’, which is 1-2 too great. Then 
by acommon rule in Double Position 7*3+ 1+2 = 8*5 
: 1*2 : : 5’: 7’, which added to the latitude last sup- 
posed, givés 16% 30-7’. Hénce a ship from latitude 
38° 15’ N. sailing on a S. W. by S. course, will, on 
arriving in latitude 16° 30°7’ N. have made her dif- 
ference of longitude equal to her latitude. Lastly, by 
Plain Sailing, the distance required in the question 
is found=1568°7’. 
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X. Parze Quest. 82. Solved dy Peter Delamar, Pii- 
ladelphia. 


In a circle whose centre is O, B 
fet OA and OB be the bound- 
ing radii of a quadrant OAB. 
Let AD =z represent any va- 
riable arc, to which OC=<x is 
the cosine, BT the cotangent 
and ODT the cosecant; draw 
de parallel to and infinitely , 
near DC, and De parallel to g 
OA; then the fiuxionary tri- cC & 
angle Dde is similar to the tri- 


angles ODC and OBT, Dd=z, and De =cC=—x. 
But by the question xz is a maximum; and since, 
when 2 increases x decreases, and the contrary, we 


have 2x xz =0, or zx=xz: whencez: x::2:% 

: AD: OC: : Dd: De:: OD: DC. Further, by 
aiaeiaieds AD :OD:: oc : DC, and by similar 
triangles OC : DC :: BT : BO=OD; and conse- 
quently the arc AD is equal to the cotangent BT, the 
relation required in the question. 

Corollary 1. Hence, by a similar process, when the 
rectangle of an arc and its cotangent is a maximum, 
the relation between the arc and its cosine may be 
found. 

Cor. 2.,By Robert Adrain. If instead of xz we 
suppose x” 2” to be a maximum; we shall find, by 
proceeding as above, that m:n:: AD: BT : hence 
M appears, that the present question, is only a parti- 
cular case of this general corollary. 

Cor.3. By Robert Adrain. The measure of the arc 
AD is easily found. For AD=BT is greater than 
BD, and therefore greater than 1 AB, or its equal 
AF. Let OF and BT produced meet in E, and 




















| 

















( 199% ) 


make the arc Ar=57°-3=the length of radius=BE; 
thenis Dr=TE. And because a particle of the tan- 
gent BE at E isdouble the corresponding particle of 
the curve at F, it follows that TE is: nearly double 
DF, and consequently that' DF is: nearly the third 
part of Fr. But Fr=57°3—46¢=12%+3; therefore 
DF is nearly = 4°), and the arc AD’ = 49°91 = 
49° 6‘; from which, by a stating with trial and 
error, we obtain the true measure of the arc AD= 
492 17! 36%6, 


The same solved by Facob Concklin, jun. Rockland, New- 
Ferseye 


Let z=the length of a variable arc, x=its sine, and 
its radius=1; then by Trigonometry its cosine = 


/ |—x? ; and by the question zx./ 1—x? is a max- 


P e . : X Xe 
imum, whose fluxion reduced gives z == ** Now 

















j—xx 
° ° ° bd x . 
since it is well known that z =—————,, we have 
1—xx 
x ox x , 1—xx. 
= » from which san¥ But 
JY i—xx l—xx x 


by Trigonometry the sine=x: radius=1: : the co. 





/l—xx. and 


sinc=/ |— xx : the cctangent = ct | 





x 


hence the length of the arc is equal to that of its 
cotangent, the requiced relation. 
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This portrait has been executed by two American 
artists spontaneously eminent. It was painted by 
Mr. Howell of New-York, a young man born and 
brought up on Long-Island, who was never instructed 
in the art of drawing; it was engraved by the cele- 
brated Dr. Anderson of New-York; whose talents are, 
independent of the least instruction whatever, the 
results of his own genius and industry. Corollary. 
Genius has spontaneously grown on American soil. 

It is probable that the first number of our second 
volume will not appear until the first day of May 
next; and that, in the mean time each of our subscri- 
bers will receive a circular letter on the subject. 
Mr. Baron, owing to other engagements, Cannot pos- 
sibly be concerned in editing the future numbers of 
the Mathematical Correspondent. 


ARTICLE XXIII. Continued from page 186. 


* 12. The general proof of this principle, or that 
which extends to all sorts of quantities, both com- 
mensurable and incommensurable, is as follows. 
Since 1 is to m as ato ma, and 1: m:: 6: md, and 
l:m:i:e: mc, andconsequently a: ma::6:md:: 
c: mc, it follows (by El. 5, 12.) that as a to ma, or 
as 1 to m, so is @+6-4-c to ma-+-mb+me ; that is, mae-- 


mb+me is = ato+cxm 9Y, E. D. 





Scholium. 


* 13. We just now called the demonstration of the 
first proposition of the fifth book of Euclid’s Elements 
an algebraic one, because the reasoning in it is of 
the same kind as is used in algebra : and forthe same 
reason the whole fifth book may be called algebraic, 
and contains perhaps the best demonstrations of the 
principles of algebra that are any where to be found, 
the modern writers of algebra having almost univer- 
sally taken them for granted, without so much as 
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endeavouring to demonstrate them. Now, that the 
fifth book of the Elements may be justly said to con- 
tain the principles of algebra will be evident, by con- 
sidering that it is wholly taken up in demonstrating 
the properties of proportionality; and that as alge- 
bra is the art-of computation, or of finding and de- 
monstrating ‘the properties of all quantities whatso- 
ever that are capable -of proportion, as far as those 
properties depend upon their magnitudes and propor- 
tions, every book that treats of the general properties 
of proportionality, and the several relations of quan- 
tities that arise merely from thence, without any re- 
gard to the peculiar properties of any particular kind 
of quantity, must necessarily -eontain «the principles 
of algebra: and all that it can possibly want further, 
to give it the complete appearance of a treatise-on al- 
gebra, is the notation, or, as Sir Isaac Newton calls 
it, the language .of algebra. And heace we may 
observe, that all those demonstrations of geometri- 
cal propositions that proceed entirely by reasoning 
upon the magnitudes and proportions of the quanti- 
ties under consideration, without any regard to their 
positions-or other peculiar properties, are of an alge- 
braic kind, or differ from algebraic demonstrations 
only in their notation; and indeed the difference be- 
tween algebra and geometry is much less than it is 
by many apprehended to be, and consists in most 
cases merely in the notation; it being but very sel- 
dom, and in the most.simple and easy propositions 
that we cans by the mere drawing.of a few lines, find 
or demonstrate the thing in question, without any 
abstract reasoning upon proportion. 

Hence, I think, we may form some kind of judg- 
ment concerning a question that has been much de- 
bated amongst mathematicians; to wit, whether al- 
gebraic or geometrical demonstrations and investiga- 
tions of geometrical propositions are to be preterred ? 
for when a geometrical proposition can be demon- 
strated in a simple manner, by drawing a few lines 
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of an easy construction, and a very little reasoning 
upon them, and can be derived as it were from the 
very essence ofthe figure, so that you kcep its gene- 
ration and fundamental properties in view through- 

out the whole proof, the foregoing. question then 
amounts.-to this, whether this proof, or one deduced 
from.the abstract properties of proportionality, and 
expressed in algebraic characters, is the best? And 
here I believe it will be generally allowed that the 
former is to be preferred: but when the proposition 
admits of no proofs but such as are deduced from 
the abstract properties of proportionality, by a 
variety of componendos, dividendos, inve:tendos, ex 
zquos, taking continual or intermediate propor- 
tionals, &c. the question then’is, whether this rea- 
soning had best be expressed in algebra or in com- 
mon language? and the contest, in this case, is not 
between two different methods of reasoning, but be- 
tween two different methods of expressing one and 
the same reasoning.. Now, here it secms reasonable 
to conclude, that if the steps in the demonstration 
are but few, ’tis hardly worth while to depart from 
the common language to express them; but if they 
are many, I am persuaded it will be found infinitely 
shorter, and more convenient, to express them in 
algebraic characters than in words, as they will all 
lie close together in a narrow’ compass, unintery 
rupted by the tedious phrases and circumiocutions 
which cannot be avoided when we make use of 
words; nay, there are some things which would be 
almost, if not wholly, unintelligible, if expressed in 
words, merely from the immense prolixity they would 
occasion; as any one will be easily convinced, who 
shall endeavour to translate Sir Isaac NEwron’s bi- 
nomial, or Mr. DEMoIvRE’s multinomial theorem, 
or any others of that kind, out of algebra into com- 
mon language. However, as algebra is so ex- 
tremely general a language, that it is frequently in- 
capable of expressing all the conditions and limitae 
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tions ofa problem, care ought always to be taken to 
supply those deficiencies, by making use of words ; 
otherwise our conclusions will necessarily be too ge- 
neral, and the answers or solutions of the problem 
more in number than they ought to be. 


Sect. III. 
Of the Multiplication and Division of Differences: 


{ 14. The two foregoing principles mentioned in 
{ 6. being now established, the following theorem 
may easily be demonstrated. 


THEOREM. 


The product that arises by multiplying the differ- 
ence of anv two quantities a and 6, whereof a is the 
greater, by a third quantity. m is equal to the excess 
of the procuct of a into m above the product of 4 into 





m; or a—oxm is = ma—mb. 
For let c =a—4; then will c+4==c, and conse- 


—— 


quently c+-dxm=ma. But c+oxm is = mc+mb bY 
the secoud of the foregoing principles ; therefore mc-+- 


mb is = ma; whence mcis =ma—md, ora —6 x mis 
=ma—md. 9, E.D. 

Coroll. 1. The same is true if the multiplicand 
consists of any number of terms whatsoever, as a—dé 
+d—e+/f, to wit, thatthe product that arises by mul- 
tiplying the whole compound quantity a—4+4d—e+f 
into any number m’ is equal to the quantity that 
arises, by first multiplying each of the terms a, 4, d, 
e, f; into m, and then connecting the products toge- 
ther by the signs + and —, or by addition and sub- 
traction, in the same manner as those terms: them- 
selves were connected together before miultiplica- 
tion: or, to express the same in algebraic symbols, 








a—b+d—e+ f x mis = ma—mb+md—me+ mf, 
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For let a+d+f=g, 6+e=h; then will a+d4+ f—0 
—e be e be = g—h, and consequently a+d+ f/—06--e xm 
=g—hxm. But by this theorem we have g —/xgn 
=mg—mh=a+d+ fx m—b+e b+-e x m=(by the second 
of the foregoing principles) ma+imd-+ mf — méb + me 
=ma+md+mf—mb—me; therefore a+d+ f—b—e X 
mis = ma+md+mf—mb—me, or a—b+d—e + fxm 
is = ma—mb+md—me+mf. 9, £E. D. 

Coroll. 2. If any quantity as m, is multiplied into a 
compound multiplicator, asa—d+d—e-+/, consisting 
of any number of terms, whereof some are affirmative 
and some negative, the product thence arising will be 
the same.as. would arise by first multiplying each of 
the terms a, 6, d,e, f, of the multiplicator into m, and 
then connecting the products together by the signs 
+ and —, in the same manner as those terms them- 
selves were connected before multiplication : or, to ex- 


press the same in algeb: saic symbols, m Kao toh Geet. -f 
is = ma—mb+md—me+nife 

For, by the first of the above-mentioned principles, 
the product of m multiplied into e—s4+d—e+/ is 
equal to the product of a—d+-d—e-+/ multiplied into 
m, that is, by Coroll. 1. to: ma—md+ md— me+ mf. 

Coroll. 3. Since multiplying. m into each of the 
terms a, 4, d, e, f, produces (by: the first-of the pre- 
mised principles) the same products as are produced 
by multiplying each of those terms into m, it follows 
that if any:quantity, as m, is multiplied into a com- 
pound multiplicator, as a—d+d—e+/, the product 
thence arising will be the same as would arise by first 
multiplying m into each of the terms a, 6, d, e, f, of 
the multiplicator, and then connecting the products 
together, by the signs + and—, inthe same manner 
as those terms themselves were connected before 
multiplication: or. to express the same-in algebraic 
symbols, m xXa—d+d—e +f is = am—dm + dm—em 
+fm. . 
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Coroil. 4. If any compound quantity, as p—g+r-——~s 
+t, consisting of any number of terms, be multi- 
plied into any compound multiplicator, as a—4+d—e 
+f, the product thence arising will be equal to the 
quantity which arises by multiplying all the terms 
of the multiplicand into each term of the multiplica- 
tor, and connecting the products together, by the 
signs + and —, according to this rule, “ that the 
terms of every set of products that arises by multi- 
plying p—g+r—s-++ into a term of the multiplicator, 
marked with the sign +, as the terms a, d, and f, 
shall have the same signs prefixed to them as were 
prefixed to the terms of the multiplicand p—g-+-r—s 
--#; and the terms of every set of products that 
arises by multiplying p—g+r—s-++# into a term of 
the multiplicator, marked with the sign —, as are 
the terms 6 and e, shall be marked with the signs 
contrary to those of the terms of the multiplicand 
pmgpr—s+i.” 

For let p—g-+r—s+t=m. By Corollary 3, mx 
a—btd—e +-f is=am—jim+dm—em+fm; therefore 
(substituting p—q-+r—s-+tinstead 5 Bae ewe 


Xa—d+-d—e-+-/ is equal to the sum of the three pro- 
ducts of p—g+r—s-+-t into a, of p—g+r—s--t into 
d, and of p—g+r—s+t into f, diminished by the 
sum of the two products of p—g-+r—s-++t into 4, and 
of p—g+r—s+t into e. These products are (by 
Coroll.:1.) Ist, ap—ag+ar—as+at 

2dly, dp—dg+dr—ds+dt 

Sdly, fp—fotfr—fo+fe 

4thly, 6>—dg+6r—bs+ét 

5thly, ep—eg+er—es+et, in ail the 
terms of which the signs are the same as in the 
terms of the multiplicand p—g+r—s+t. The three 
first of these products are to be added together, which 
(by * 4.) is performed by connecting their terms 
together, without altering their signs; which proves 
the former part of this corollary: and the two latter 
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products are to be subtracted from the former, and 
therefore (by 4 5.) must be connected with them, 
with the signs of their terms every where changed ; 
whieh proves the latter part of the corollary. The 
product therefore of p—q+r-=s+t into a—d+d—e+f 
is equal to the following set of products ; 
ap—aq-+ar—as-+ at 
-+-dp—dg+dr—ds+dt 
+fp—fotfr—fstft 
—bp+bg—br+6 s—bt 
—cp+eq—er+-es—et 
* 15. ’Yis evident the preceding rule coincides with 
the common one mentioned in §[ 3; to wit, that —x 
-++ gives —, +xX— gives —, +X-+ gives +, and —x 
— gives +; or, that as often as the signs of the 
factors are alike the product must be marked with 
the sign +, and as often as they are unlike, the pro- 
duct must be marked withthe sign—. For in mul- 
tiplying p—g+tr—s+t by a, d, and f, which are 
marked with tle sign +, the terms of the preduct 
have respectively the same terms Of the multiplicand 
b—g+r—stt; therefore, as often as the terms of the 
multiplicand are marked with the sign +, or the 
siens of the factors are alike, the products are marked 
with the sign +; and as often as the terms of the 
multiplicand are marked with the sign —, or the 
signs of the factors are unlike, the products are 
marked with the sign —. And in multiplying p—g 
-+r—s+t by 6and e, which are marked with the sign 
—, the terms of the product are marked with signs 


‘respectively contrary to those of the terms of the 


multiplicand p—y+r—s+¢; therefore, as often as 
the terms of the multipiicand are marked with the 
sign +, or the signs of the factors are unlike, the 
products are marked withthe sign —; and as often 
as the terms of the multiplicand are marked with 
the sign —, or the signs of the factors are alike, the 
products are marked with the sign +. 

§ 16. Some of these cases of multiplication are ex- 
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pressly contained in the fifth book of the Elements, 
as will be evident to any one that shall examine it; 
which that the reader may do it with more ease, [ 
shall here set down most of the propositions contained 
in it in algebraic characters, as fellows. Let a and 
4 represent any two quantities whatsoever of the same 
kind, whether commensurable or incommensurable, 
whereof a is the greater; a whole number, or mul- 
tiple of the quantity called unit; 2 a whole number, 
in the 2d, 3d, 4th, and 6th propositions, and in the 
22d, 23d, and 24th, any quantity whatsoever, whe- 
ther commensurable or incommensurable, to a unit; 
m a whole number, inthe Ist, 2d, Sd, 4th, 5th, 6th, 
and 15th propositions, and in the rest, any quantity 
whatsoever, whether commensurable or incommen- 
surable, to a unit ; 

And the first proposition will (as has been already 
observed in §f 11.) be this, matmb=m a0; 

The 2d will be this, ma+na:a:: mb+nb: 6; 

The 3d this, mna:a:: mnb:6; 

The 4th this, pma: na:: pmb: nb; 

The 5th this, mo—ms—=mxa—o ; 

The 6th this, ma—na:a::mb—nb: 6; 

The 12th this, ma: a: : ma+mb+-mc : u+d+¢ ; 

The 15ththis, a: 6: ; ma: mé; 

The 16th this,.ma:méd::a:6; 

The 17th this, ma—a:a:: mb—d: 4; 

The 18th this, mat+ea:a:: mb+6:4; 

The 19th this, ma: a@:: ma—md.: a—b; 

The corollary to the !9th this, ma : ma—a:: md: 
mb—b ; | 

The 22d this, ma: na:: mb: nb;. 


The 23d this, ma: na: : ——:6; 
n 





And the 24th this, ma+na:a::-mb+-nd: 6. 
The. demonstrations of these propositions might here 
be expressed in the same characters; but this, as it 
is not absolutely necessary, after what has been 
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already demonstrated in the foregoing theorem and 
corollaries, and may very easily be done by any one 
that pleases totry it, I shall leave to the industry and 
euriosity of the reader. 

{] 17. As it has been shown in §f 9. that the pro- 
duct of two quantities is exactly ‘the same, which- 
soever of them is made the multiplicator, I shall, in 
the following articles, make no kind of distinction in 
the notation of such products, according as one or 
other of the factors is considered as the multiplicator, 
but shall denote the product of / and g indifferenuly 
by fg or gp, whether p be multiplied by g, or ¢ by p, 
as [ imagine such a distinction cannot be of any use, 
although, for the sake of perhaps a needless accuracy 
in our first entrance on the subject of these articles, 
it has been observed in the foregoing theorem and 
corollaries. 

{i 18. It will be useful to add the following in- 
stances of multiplication. 
































a+6 a—b! 
a+é a—b} 
aa-+ ab aa—ab 
+ab+65 —ab-+ bb 
aa-+ 2ab +66 aa— 2ab +46 
« até a—> 
a3+2a70+ av? a3 —2a*b-+-ab* 

+ a*b+2ab*+63 —a?*b + 2ab?—b3 
a3-+3a*0-+3a6*+63 a3 —3a70+3407—3 
a+é6 aa — ab + bb 
a— 4 a+6 

aa-+-ab a3—_a*b--ub* 
— ab—bb +02%b—__ab2+63 
Ga . — bb a3 . 7 +3 
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aa + ab + bd 
a—b 
a3 +a*b-+-ab? 
—a*h——ab*—$3 
a3 ° ° —3 








From these operations it appears, 

Ist. That the square of the sum of any two quan- 
tities is equal to the sum of the squares of those 
quantities increased by twice their product;- which 
answers to the 4th proposition of the 2d book of the 
Elements. 

2dly. That the cube of their sum is equal to the 
sum of their cubes increased by the quantity that 
arises by multiplying their sum into three times their 
product. For 3a76+3ab? is=a+6 x3ad, 

Sdly. That the square of their. difference is equal 
te the sum of their squares diminished by twice their 
product. This conclusion corresponds to the pro- 
perty of geometrical squares and rectangles, demon- 
strated in the 7th proposition of the 2d book of 
Evucurp: for it is there proved, that.if any line de- 
noted by the letter a be divided into two parts 4 and 
a—, the square of the whole line a, together with 
the square of the part 4, is equal to twice the rectan- 
gle contained under the whole line a and the part 4, 
together with the square of the other part a—d; that 
is, aa+bb—=2ab+a—o°; consequently a— ° is aa 
—2ab+ 66, 

Therefore, 4thly. The sum of the squares of any 
two quantities is greater than twice their product. 

5thly. The cube of the difference of any two quan- 
tities is equal to the difference of their cubes dimi- 
nished by the quantity which arises by multiplying 
their difference into three times their product. For 
a—b? (=a3—3a2b+4-30b7—? G3 meh 3 e337 mm SG0* ) 
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Therefore, 6thly. The difference of their cubes 
must always be greater than that quantity, or 433 


must always be greater than 3adxa—d. 

7thly. The product of the sum, and difference of 
any two quantities, is equal to the difference of their 
squares. This answers to the 5th proposition of the 
3d book of Euctip; for it is there proved, that if 
any line, as AB, is divided into two unequal parts 
AD, DB, and also into two equal parts AC, CB, 


Ficure IV. 





] ! { j 
A C D Bb 


the rectangle under the two unequal parts*AD, DB, 
together with the square of the line CD that lies be- 
tween the sections, is equal to the square of the half, 
orof CB. Now, ‘tis evident that CD is less than 
CB, that AD (the greater of the unequal parts) is 
equal to the sum of AC and CD, or CB and CD, 
and DB (the lesser of the unequal parts) to their dif- 
ference ; therefore CB+CDxXCB—CD + CD? is = 
CB?; and consequently CB+CD x CB—CD=CB?* 
—CD?. It may be useful to observe, that this pro- 
position of Evciip proves that if a given line AB be 
supposed to be described by the motion of the point 
D from B towards A, the rectangle under the seg- 
ments AD, DB, will increase continually, till the 
point D coincides with the point C; for so long the 
square of CD decreases: afterwards this rectangle 
will decrease continually while D. is passing from C 
to A: for, during that time, the square of CD in- 
creases again till it equals the square of CA: and the 
greatest magnitude this rectangle ever attains is the 
square of CB, or of half the given line AB. 

8thly. The product that arises by multiplying toge- 
ther the sum of two quantities and the sum of their 
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squares diminished by their product, is equal to the 
sum of their cubes. 

And. 9thly. The product that arises by multiply- 
iny together the difference of two quantities, and the 
sum of their squares increased by their product, is 
equal to the difference of their cubes. 

These, and other like observations, are very fre- 
quently of use in algebraic computations. 

4] 19. In division the rule for determining the signs 
of the terms of the quotient is as follows: “ When- 
ever the dividend is marked with the sign +, the 
quotient must be marked with the same sign as the 
divisor; and whenever the dividend is marked with 
the sign —, the quotient must be marked with the 
sign that is contrary to that of the divisor.”’ Tor the 
quotient fultiplied into the divisor nyust produce the 
dividend. 


ARTICLE XXVI. 
A View of the Diophantine Algebra. By Robert Adrajn 


4] 1. We may define the general object: of this in- 
quiry to be the method of finding such rational values of 
one or more indeterminate quantities, that any proposed 
functions of those quantities may become rational squares, 
or cubes, &c. It will save frequent repetition to re- 
mark here, that all the numbers given or required in 
this subject are understood to be rational. 

¥] 2. “Let us begin with the formula ax+-6; a, and b, 
being any given numbers. 

As an example of this formula, suppose it be re- 
quired to assign such a value for x that 2x4-3 may 
be a square number. flere, if we substitute 1 for x, 
2x+3 becomes 2-+-3 or 5, which is not.a square, 
and therefore 1 is none of the required values of x; 
if x=2, we have 2x+3=7, which is not a square; 
but if x==3, we shall have 2x+3=6+5=9 which is 
evidently a square number, and therefore 3 is one of 
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the required values of x. It is easy to find as many 
of these values of x as we please, merely by equating 
the proposed formula successively to any number of 
known squarese Thus, suppose 2x+3:=-25, whence 
2x22, and therefore x11, which is one of the va- 
lues sought. But we may have a-general expression 
for all the values of x by assuming 2x+3=a?; from 
a*—3 





this we have 2x =a*—3, and x= 





: we may now 


assume a of any value at pleasure, and we shall ob- 
tain successively all the values of x that can render 
2x-+-3 a rational square. 

On the very same principle we may find in a gene- 
ral manner all the possible values of-a that will ren- 
der ax-+-6 a rational square; we have only to suppose 

, c7—b 
ax+6=c?, from which we obtain x= 





qs. Let “ 
cx, a 

any given numbers. 
This formula is equally easy with the preceding ; 


we have only to suppose r=the root of the square, 





be made a square, a, 6, c, and d, bein 
BS Sg 9 Gy Oy Cy ’ ie 





‘ ° ° . ax - 
which furnishes us with the equation nes from 
CX; 


r2 





this we obtain x= , which is a general expres- 


cr2—a 
sion for all the possibie values of x that can answer 
the question, by assuming for r successively all pos- 
sible numbers. 


+S 
ods 


ax-+é6 , 
Any particular case of the formula ——— is made 
Cx jot 


a square in the same manner; for 7 iet us 
x 
a square. 


Pad r=—1 
+S aa from this we obtain x- 


in aaeh's r ye be ‘taken at pléasure:: if we saison 
T 





l 
find the ae of x which will make 
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, 7 7 . 
y==2, we Shall have set tent and =f, 


‘we 


I—x  l—3 
which is a square, 

q 4. Let (ax+6)x(cx+d) be made a square; a, 6, 
c, and d, being as usual given numbers. 

This formula is reducible to that in the preceding 
paragraph by remarking that any square multiplied or 
divided by a square will always produce a square: if 
therefore (ax+6) x(cx-+d) be divided by (cx-+d?), the 


axt+6b. 
will always be a square when the pro- 





quotient 

cx 

posed formula is a square, and vice versae There- 
ax--b 





fore we have only to assume =r*, and con- 
b—dr> 

sequently x=———— as in the preceding paragraph. 
CP mmf 


But the formula (ax+6)x(cx-+d) may be made a 


CX-+ 


, PI os id aa ee Tl 
square without reducing it to me | : this is effected 
Cx 


by supposing the root of the square to be (cx+dixr, 
which gives the equation (ax+6)> (cx+d)= (cx4d)* 
xr?; dividing by cx-+-d we have ax+6=(cx+d)xr?, 
) 72 
and consequently a 2 before. 
cre 
As an example of this, let 1—x? or (1+4x)¥(1—x) 
be made'asquare. Assume (1 -+42x)>:(1—«)=(I—x)? 
xr?, dividing by 1—x we have 14-x=r? —r?x, and 
r2 


-- 1) 


, and r may be taken at pleasure. 





therefore x= — 


, 2 

Suppose r=2, this gives x=3, and 1—,2=]°=a 
square ; or suppose r=3, which givesx=4. In the 
s#me manner we may assign the values of x which 
will make x?—a? a rational square, a being any 
given number. 

J 5. Let the formula of the second degree ax* 46x +c 
be made a rational scuare. 

We commence this solution with remarking that 
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fhe proposed formula is not susceptible of a univer- 
sal solution, in the same manner as those we have a 
already considered: we may even assign sush valugs a 
of a, 6, and ¢ that ax*+é4x+c can never become a 
square by assuming for x all possible numbers; a 
universal solution therefore in terms of a, 4, and c¢, 
with given or assumed quantities cannot be expected. i 
And even when a, 6 and c are of such values that the 
formula may be a square, we are frequently at a loss 
to assign the values of x without having recourse to i 
methods more or less tentative. There are however i 
saveral general cases in which we obtain the values a 
of x with great facility: of these we shall endeavour to 
give some account. 

If the absolute number c be wanting, the formula 
becomes ax? 45x; let rx be the root of the square, 
and we have ax? 4+dx=r*x*, which divided by x gives 


) 





. For example, 
12 ed 


x-+-=r?x, and therefore x = 
t us find x such that x—x? may be a square. As- 


let 


s-~. 


sume x—x*==r?x?, from which we obtain x= 





re l / 
and r may be taken at pleasure: if r=1, x=} and 
x—x* becomes }—}=! which is manifestly a square. 
If the equation ax? +4x4-c=0 has rational roots, 
the values of x are readily found that will render the 
proposed formula a square; for in that case the for- 
mula 4x? +0x-+c will always be the product of two 
rational factors as (mx+n)x(px+g), which we have 
only to equate to (pr+g)*xr?; from this we obtain 
by division mx-+-n=r*px-+r7g, and therefore x= 
r2genn nea P 
- Example, suppose -x*-+3x-+-2 is to be a 


m—r?p 
square. — By resolving the equation x?+432+2=0, 
we find its two routs are — | and —2, and thus we 


discover that 2.* +3x-+2 =(r+1)x(+«+2), which 
equated to (1-2)? xr* goives (2 + 1) = (x4+2)r?, 
2r?7—] 


whence Fa) and r may be iaken at pleasure. 


mm} 








Assume r=4, and we find x=2, which value sub- 
stituted for x gives x2*+43242=43+427)3+42=42 
Bo + oe = tee =(*9)7- In the same manner we 
discover the values of x that can make 627—132+6 
acomplete square. 

4] 6. if the coefficient of x? be a square, we may 
write the formula thus, a?x22+é62-+¢, and we are able 
to find all the values of x that can render this ex- 
pression a square. For this purpose we are to as- 
sume ax-+r for the root of the square, which gives 
this equation o?2?-+Jr+4c=—a*x?+42arxz+4r7, from 
which we have 6x+e=2ara+r?, and thence z= 
c——r* 
sitively or negatively. 

To explain this let us apply the method tothe for- 
mula 4x27-+-52-+46. Assume 22-+,r for the 100t 
which gives us the equation 47? 452 +6=42?+4rx 
-++r*, whence 52-+46==4rx+4r? and consequently x= 
6—r* 


and r may be assumed at pleasure either pa- 


-. Now take r=--3, whence x=,}3, which on 


> 


4r—5 
trial will no doubt be found to succeed. 

On this principle we may find the values of x that 
will render x?-+-2 a square. We have only to sup- 
pose 24*--2=\x+r)? =x2*+2re+r?, whence 2= 

9 .2 
Irx+r?2, and x=; if r=i, we have r=. 

*| 7. When the absolute number is a square, the 
formula may be written thus, ex? +42+4c?. To make 
this a square, suppose rx-+c to be the root, and we 
shall have ox? +x2-+c?=r?2x27+2crxa+c?; and c* 
sa taken from both sides, the resulting equation 

*+bx=srtx*+2crx is divisible by z, from which 
aes is found ax--d=r*x+2cr, and eonsequently 
Qer——b 


a—r* 
Let 547—x+1 be an example. Here we are to as- 
sume 52 2—_x-+-l==(rxe+))*=r?x2*+2rx+), whence 
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Sx tmecsr?xt+2rx, which divided by x gives 5x—J 
ay te 274-1 
==r°x-+-2r, and r=———, and r may be assumed 
5—r* 
of any value we please; if r=—2, we have r=, 
which value we may substitute for z in 527—«x+1, 
and try if this expression becomes a perfect square. 
Again, let 2x*+1 be made a square; assume 


ite te ———— 4 P ; 
2xe*+1l=rxr+ 1 =r*x*+2rx+1, and by reduction 


— 


oe 





we obtain r=— . If we take ral, we find 2=2, 


a 


* 
~ 


which makes 277-++1=9 which is a complete square. 

4] 8. Sometimes we find the general expression 
ax*-bx-+c under one of the following forms; I. a*?+ 
(Sx+c)x(drte). Il. a*x*+(dx+c)x(dx+e). JIT. 
(ax--d)* +(x 4d) x (ex-+f)- The first of these for- 
mulas is made a square by supposing its reot a+ 
r(dx-+e); the second by supposing its root ax-+ 
(dee); and the third by supposing its root ax+4-+- 
(exty f). 

As an example of the first of these, let it be re- 
quired to find such a value for x that 2—-x? may be 
a square. This expression is evidently equal to 
1+ 1l—x?=1+(1—x)x(!+2); and supposing its root 
to be L+r(i-+x), we have 1+(]—x)x(i+x)=1-+- 
2r(1+x)+r*(l+s%)*: each side diminished by unity, 
and the remainders divided by 14s, gives iI—x= 


9+ 2 
ha oar: 5 | r=-—], we 
l+r* 
have asl, and 2—x*=1l=a square; if r=—2, we 
have x=!, and 2—x*=2—,, =}%. 

To exemplify the second form, let 2x7—4 be made 
asquaree Because 2x?7—4=x°-+ x*—4=x7+(x+2) 
X(x—2), we are to suppose the root x-+7(x—2); and 
therefore x* + (~ + 2) X(x—2) =x? 42x (x —2) + 
m?(x—2)?; this equation diminished on cach side by 
x2; and then divided by x—2, gives x4+2=2rx+ 


2r+r?+r*s, whence x= 














2r?.:-2 : 
r?(x—2), from which we obtain ms Now 
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assumme r==l, and we shall find x—2, which sub. 
stituted for x gives 2x?—4—=4=27. If r=1, the va- 
lue of x will be found =10, and 2x*—4=200—4=— 
196—(14)? 

Now let us apply the principle of the third form to 
2~*+17. Itis manifest that 2x2 -+17—x?4+9+4x248 
mx? +6x+9+4x7?—6x +8=(x+3)? +(x—4) (x — 
2), and therefore we are to assume the root=x+3$-+- 
r(x—2 ). which squared and equated to (x+3)?+ 
{x ) (x—2), we shall find after reduction that 


2 v2 Fj ~ a4, 


x= , and r may be taken at pleasure. 
r2 4-2) — ji 





Suppose r=—"*, this supposition gives x2, which 
put for x gives 2x?+17=8+4+17=25=52. Again, 
let r==1, whence x=—4; but as only the square of 
x enters 2x?-+17, we may equally suppose x=+4, 
and 2x?4+-17=32+4+17=49=72. If r= we find x 
==——26, We may theratare take x26, and this will 
not fail to make 2x2-+17 a complete square. 

§| 9. \vnen we cannot reduce a quadratic for- 
mula to one of the cases mentioned in the preceding 
sections, we must try successively several numbers 
for x until -ve find one value of it which succeeds in 
rendering the proposed formula a square ; and from 
this value of x we may easily find, by a direct process, 
all the other values of it which can fulfil the required 
condition. 

For example, let 3x?+4x+5 be made a square. 
This expression is indeed reducible to the 3d. form 
of 4 9th;,but if we should be supposed not to have 
discovered that, we should begin by supposing x suc- 
cessively equal to 1, 2, 3, &c. until we found a suit- 
able value of x: if x1, then 3x: *+Ax+5=12 » which 
is not a square; if x=2, we have 3x? +445 = 12+ 
84+5—=25=a ae and therefore 2 is one of the 
values of x» To obtain the other values of x, put x= 
2+4y, this substituted for » gives Sx2+4~+5==25+ 
16y+3y?, of which the absolute term 25 is a square, 
and therefore we may assume the root=5-++7y; this 
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squared and equated to 25+4+16y+3y?, will produce 
16—10r 

Samet ae If r=—2, we find y=36, and x=38, 

Mens , 


a number which substituted for x will doubtless ren- 
der 3x?+-4x+5 acomplete square. 

In general let m be such a value of x as will make 
ax?+62r+c=—n?=a square, and in order to find all 
the other values assume x=m-+-y; this substituted 
for x gives ax + bar+-e=am?+-bm-+c+(2am+6) y + 
ay2, and by supposition am?+ém-+c=n?, therefore 
ax? +bx+c=n?+ ( 2am+6)y+ ay?: this expression 
having now the first term a square has no farther 
difficulty, we have only to assume the root=n-+ry, 
which squared and equated to n*+(2am+0)y+q?, 
gives a general expression for all the values of y; 
and this expression increased by m gives the gene- 
ral value of x. 

“ 10. We have already observed that the formula 

x*+6x+c¢ cannot possibly become a square when a, 
4, and c, have certain values, whatever numbers we 
assume as values of 2: there are in fact many such 
cases, and we cannot persuade ourselves to omit al- 
together the method of reasoning which teaches us 
this very singular property of numbers; but we must 


content ourselves with examining only one or two of 


the simplest cases. 

The fundamental principles on which this inquiry 
is founded, are the obvious and well known proper- 
ties of integer numbers with respect to their divisors 
and remainders. If any integer N be divided by 2, 
there will either be no remainder, or the remainder 
will be 1; if therefore we express the integral quo- 
tient by , the number N will be denoted by 2” in 
the former case, and by 27+1 in the latter: it is 
evident then that every integer must belong to one 
of the forms 2”, or 2n--1. 

If we consider N with respect to its divisor 3, we 
shall easily see that there will either be no remainder, 
or the remainder will be l or 2; so that every integer 
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elon c ofthe forms 3n, Sn-+1, or 3n+2, 

: bo\ every integer must belong 

to ane oO > forms, 4n, 4n+1, 4n+-2, 
4n+5. 

Let us now seek the form to which N? belongs 
when the integer N itself is in any one of the forms 
Sn, 3n+1, 3n4+-2. If N be expressed by 3n, N? 
will be expressed by 927, which is not only divisible 
by 3, but even by the square of 3; in this case there- 
fore N? belongs to the form 3n. If N be expressed 
by 3 n+1, its square N? will be denoted by 9n?24 6n+1, 
which divided by $3 leaves 1, and therefore in this 
case N’ is of the form 3n+1. If N be denoted by 
3n+2, its square will be denoted by 9n?+12n+4, 
which divided by S leaves 1 asin the preceding case, 
and therefore N* is also in this case of the form 
Sn+1. Hence it is evident that every square integer 
is either divisible by 3, or the remainder is 1, and 
never 2, so that there is. not any square integer 
whatever which divided by 3 leaves a remainder of 
2; or, which is the same thing, the integer form 3n+2 
never can be a square. 

If we examine the squares of numbers with re- 
spect to the divisor 4, we shall find that all squares 
belong to the forms 4” and 4n+1, and therefore 
there can be no integer squares of the form 4n-4-2, or 
4n+S3: and when we consider squares with respect 
to the divisor 5, we find that they are all compre- 
bended in the forms 5n, 5n4+-1, and 5n+4; and 
therefore,no integer of the form 5n+2, or 5n+3 can 
ever be a square number. 

4] 11. Let us now demonstrate that the formula 
Sa*+2 cannot possibly be a square, whatever values, in- 
tegral or fractional, we assign to the number x. 

When = is an integer the thing is manifest, for in 
this case it is plain that 327+2 is an integer suth 
that being divided by 3 the remainder is 2; and we 
have just demonstrated in the last paragraph that no 
such integer can possibly be a square. 
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But even by taking fractional values for x, the for- 
mula Sx*+2 cannot become a square. For if possi- 


ble let ra; y and z being integers, and the frac- 


a ge -_ 3y? 
tion > in its lowest terms; and 3274+2=——+?2%= 
g° 


3y? +227 , , 
—. is to be a square; but the denominator z* 
is already a square ; we have only to show therefore 
that the numerator 3y*-++-2z2* cannot possibly be a 
square. 

For if z be divisible by 3, _y is not divisible by 3, 


because the fraction - was supposed to be in its 
Zz 


lowest terms; whence it evidently follows that when 
z is divisible by 3, the formula $y?+2z? is divisible 
by 3, but not by 9, because 2z? is divisible by 9 and 
Sy? is not: but every square number which is divi- 
sible by 3 is also divisible by 9, and therefore when 
zis divisible by 3 the formula 3y?+2z? cannot possi- 
bly be a square. 

If z is not divisible by 3, it must be expressed 
either by Sn+1, or Sn+2. If z=3n+1, we have 
Sy? +227 =3y?+18n?+412n+2, which being divided 
by 3, leaves the remainder 2; but we have demon- 
strated that no such number can possibly become a 
squares 

If z=3n+2, we have 3y*+227=3y?+18n?+24n 
+8, which divided by 3 aiso leaves the remaindcr 23 
neither in this case therefore can 3y?+2z? possibly 
be a square. We see therefore that the proposed 
integral formula 3y?+2z? is always deficient in the 
essential property of a square; for when it is divist- 

le by 3 it is not divisible by 9, and when it is not 
divisible by 3 it leaves the remainder 2, neither of 
which properties can possibly belong to any square 
number. It is fully demonstrated therefore that the 
formula 3x7+42 eannet possibly be a square, what. 
ever integral or fractional value we assign to 2. 
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Every step of the preceding demonstration is 
equally applicable to the formula 3y?-+ (32+2)z, in 
which n is any integer taken either positively or ne- 
gatively. If we take for ” successively the numbers 
1, 2, 3, 4, &c. we find that none of the formulas 
3,7+527, 3y?+8z7, Sy?+1127, &c. can ever be a 
syuare; or, which is the same in effect, dividing by 
2*, we learn that 3x?+5, 3x7-+8, 3x7+11, 327+14, 
&c. can never be squares. If be interpreted nega- 
tively, we find that the formulas 3x7—1, Sx?—4, 
3x?*—7, 3x*—19, &c. can never be squares. 

“| 12. By considering numbers with respect to the 
divisor 5, we prove in a similar manner that neither 
of the expressions 5y*+4-227, or 5y?+3z7, can bea 
square; or more generally the formulas 5y?+4 (5+ 
2)z7, and 5y*+ (5n+3)z? can never become squares, 
n being understood either positively or negatively ; 
and therefore the expressions 5x?--5n+-2, and 522+ 
5nu+3 can never be squares. By assuming n suc- 
cessively equal to the series of natural numbers |, 2, 
3, &c. taken positively and negatively, we shall find 
two series of expressions proceeding both ways ad 
libitum, none of which can ever be a square. 

In addition tothis paragraph we may observe that the 
formula ax? +-6x+<¢ is easily transformed into another 
having oniy two terms: this is done by assuming 

,2 
ax*bx-fe=—- which is a square, from this we ob- 





tain 2ax+b= WV ay? +07—4uc =Vay* +d, putting d 
=(2 y44ac; if therefore we would discover the sol- 
uble or insoluble cases of ax*+dx-+4c, we have only 
to examine the formuiaay?-Fd. We would willingly 
show in this place a general method of making 
ay? Fd a square in all possible cases ; but the length 
of the discussion would be very unsuitabie to the 
limits and piav of the present sketch, in which we 
wish to comprehend as many as possible of the gene- 
ral ruies belonging to the subject. 
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q 1S. Let a+d0-+-cv2+dv3 be made a complete square. 

The only case of this formula which we can resolve 
in a direct manner, is that in which the first term is 
asquare: in this case we may write the formula thus, * 
a? +}6v+cv2+dv3. Assume ¢+rv for the root, which 
squared and equated with the propdsed expression, 
furnishes us with the equation a? +/7+4 cv? +dv3 = 
a? 4+. 2arv-+ 202: taking a? from cach side we have 
bo-+4+-cv?4-dv3 ~ 2arv-+4’2v?, and dividing by v there 
results b+4cv+de2 =2a 4.20; but still v? remains 
in this equation: in order therefore to determine v by 


asimple equation, let us assume 2ar=0, or ra 3 
a 


hence cv-+dv%=r*2, and dividing by 2, we have c+ 


P ‘ d r2—e h2%~4a%¢ 
=r > an v= = , . 
a 4u7d 


We might also assume three terms in the root, 
as c+ 9+sv?; this squared and equated with the 
proposed formula yives a? -+6v4-cv? +dv3 ==a? 4 Qare 
+(°?42a:)>242rsv3 +5204: now let us assume 2ar 
=6, and r2 +2as=c, aa the equation by subtracting 
equals, becomes dv3 =2rsv} + 5?v*, from which alter 


aM d—2rs 
f dividing by v3, we have ,:=————.. 
3 *- 


Example. Let 1+2v+3v2+403 be made a ra- 
tional square. Let us first assume the root of two 
terms, ~— rae in this case be 1+, whence 
1+ 20+302+ =1+2v+v?; this produces the 
equation te and dividing by v7, we have 
$+4v=1, which gives v=—4, and this negative 
value of v will render 1+2v+3v?+403 a complete 
square. 

But when we admit three terms in the root, it 
must in the present example be 1+2+40?, from which 
we obtain isle et ak Gh geting 1-+2v-+3v?24 2vu3-+v+; 
consequently 403=.2v3+04, whence 4=2492, and 
therefore v=2, which value may be substituted for 
vin the formula 1+2v0+3v2 +4403, and we shall see 
if the result be a rational square. 


C ticeh Get 
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If we wish to obtain new values of 2, we must ay- 
gume v- 1 +-y, or v==2-+y, each of which substituted 
for v in the proposed formula will produce ex. 
pressions, from which we may obtain values of », 
and consequently new values of v. If we assume o 
=—}+y, we shall have 1-204 3074403 =1+42)— 
3y2-+4y3, which must be a square: therefore as- 
suming 4-4-2 for its root, we have 7+-2y—3)2+44y3 


. 


=1+4+2y+-4y? ; whence 443-3)? =4)?, and 4;—3= 


4, and y==2, and v=—+ . y= 3; and therefore $ sub- 
stituted for v will render 1+ 2v-; 3v2?+4v3 a complete 
square. 


But if we assume 4-4 2v+ry? for the square root of 
2-! Qy—-3,2-+-4y3, we shall have $-+2,—3,2-+-4y3=— 
3-).2y~ (4-pr)y2+4ry3+r2y4; now assume 44r= 
—3, orr==—7, and we have 4)3 = 49)4—28y3, there- 
fore 4=49y—28. and y= 32. and therefore —{+ #2 
=i--v; if therefore we substitute 43 for v in the 
formula 1-! 2v-} 3024-403, it will doubtless become 
a perfect square. 

I leave it to the learner to discover new values of 
v by the substitution of 2+-y; the process being alto- 
gether similar to what has just been exhibitea. It 
is obvious that by substituting this last found value 
of v with w, as those before with y, we may again 
find other new values of v, and so on at pleasure. 

When the first term of a cubic formula is nota 
square, we must begin by secking among the small 
numbers for a value of v which will fulfil the required 
condition ; and if we succeed in discovering such a 
value, we may in general find as many others as we 
please, by substituting for v the value thus found 
with a new unknown quantity in the same manner 
as in the preceding example. 

Sometimes however the discovery of one value of 
v is of no avail in assisting us to find others; of this 
we have aremarkable example in the formula 149%; 
which becomes a square, wien v==2; but notwith- 
Standing this we are not able to find any other value 


2 
19 
i «< 





— i 


ona = 2&2 fe 





of » which will render the proposed formula a per- 
fect square. It frequently happens also that all our 
Jabour is lost in trying todiscover one value of v that 
will render a cubic formula a square. We cannot 
discover any value whatever of v that will render 
p+v3, or v3 a complete square: but this is no 
more than what ought to happen, for in fact there 
are innumerable cubic formulas which cannot possi- 
bly become squares; but the arguments by which 
we may convince ourselves of this impossibility are 
too tedious to have a place in the present paper. 

4 14. Let us make a+bv-+cv?+dv3+-ev4* @ rational 
squares 

We commence with the case in which the first term 
is a square ; in this case we have to make a complete 
square of the formula a?+40+4cv? +dv3+ev4, 

Suppose a-++rv-+sv* to be its root; this squared is 
a? +2arv-+ (r?+2as}v*+42rsv3+4s704 which is to be 
equal to a*+év+4cv? +dv3+ev4: assume therefore 
2Qar=6, and r?+2as=c, which equations determine 
the values of r and s; we must therefore have 2rsv3 
+s?04=dv3+ev*, which divided by v3 gives 2rs+ 

d—2rs 

2o) — _— 
s*v=d+ev, and consequently v= ad 

Let us now consider the case in which the coeffi- 
cient of v* is a square, the formula being a+-dv-+4-cv? 
+dv3+4e704+, This case is easily reducible to the 


l 
preceding by substituting F for v, and multiplying 


the resulting equation by y+, which produces ¢?-} dy 
+cy*+éy3+ay*; and it is evident this formuia is 
made a square in the same manner as in the preced- 
ing case. But we may find a value of v that will sa- 
tisfy the required condition without this transforma- 
tion; we lave only to denote the root of the square 
by s+rv+ev?, and assume proper values of r and s. 
This root squared is s*4 2rsv+(r?-+ 2cs 0? 42crv3+ 
e?¥4, which must be equal to a+-d0-+-cv* + av) +704; 
U 








a 
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now let us aSsume 2er=d, and r?+2es=c, which 
equations determine the values of r and s; and we 
shall have s*+2rsv=a+ée, from which is found 


a—s* 


2rs—b 

If both the first and last terms be already s-quares 
as in the formula a?+év+cv?+dv3+e7v*, we may 
not only obtain two values of v by applying the me- 
thods given in the preceding cases; but we may also 
find four other values of v by new artifices made use 
of in contriving the root. 


v= 





by 
In the first place we may assume a+— tev? for 
a 


the root, which squared and equated with the given ex- 
pression, presents us with this equation, a* -+6v-+-cv? + 


142 b 
dv} +e294=a? +604 (2-+2a¢ )o*4+—0? +$e7v+, and 
a* a 


[fz 
subducting equals, we have cv?+dv} = (+200) 


éb 1 $2 
+=03, and dividing by v?, we have c+dv=— 
a 


4 +203 ceg%c 





be or . 
2ae+-v, from which is obtained o= 
a u*d—abe 


Secondly, another suitable root is discovered by 
by 
remarking that the squares of a+ = ev? and of a+ 


be ‘a 
——ev? have equally the last term e*0* positive ; we 
~a@ r 
7 by ; 
may therefore assume ae we ev? for the root, which 
a 


squared and equated with the proposed expression, 
furnishes us after subtraction with the equation cv*+ 


Bh2—Q32 be . ; ‘ 
dy} =*——_ ——_v?— —v} and by reduction we obtain 
a 








i «+= = =i, @eesd 
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We have obtained these two values of v by ex- 
pressing the root in such a manner as to remove the 
first and second terms a? +42, and the last term e?v* j 
we may also in a similar manner contrive two roots 
which will remove the first term a? and the two last 


oo : d 
dv3+e7v4; this is effected by assuming a+—v-+ev", 
d . 
or 2-5-0 ev? for the root, which will enable us 
e 


d 
to find two new values of v If we assume a+ 0 
--ev? for the root, we have a?+é6v+cv? +dv3 +-¢?2 04 
d2 
=a? Sot (5G +2a¢)v* dv} fetes, andtherefore 


bopeotm ot (# A +2a¢) 9%, and by division 4+-cv 





3d? be? —ade 
(* +200), whence 


“5d? 4 2ue}—ce*" 
When —a+—v-+e0? is assumed as the root, we 
ae 


be* +ade 
4d*—2a0¢3 =ce2 
‘Thus it appears, that in general we may have six dif- 
ferent values of v that will render the formula a*+ 
bv+cv?-dv3+c?v+ a complete square. 

§] 15. When the biquadratic formula a? +-40+e704 
is to be made a square, there are only two of the six 
methods explained in the preceding paragraph that 
can be made use of; that is, we may suppose the root 


proceed in a similar manner, and find v= 





bv : : 
to be either air OA ev?, or a+——«r?. But in this 
a 


case we may ae apply a root of only two 
terms, and we shall arrive at two new values of v; 
we have only to denote the root by a+cv*, or hy 
a—ev*; if we adopt a+ev? for the root, we have the 
equation @?-++-d0+¢7 04 =ea*-+2uev* +e70*, whence év 








es 
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b - 

s=2aev?, and therefore Cae And if we assume 
ae 

a—cv* for the root, we shall find by a similar process 


that »=———. 


aue 

The formula a*+dv}+e7v4 may be treated in the 
same mainer; we may assume a+ev? for the root, 
from which assumption there arises the equation a? 
--dv3 +e*v*=a*-+2gev*+e%v4*; whence by subtrac- 
: 2Qae 
tion, dv* =2aev?, and due: 2ae, and Cana By as- 
suming a—ecv? for the root, we find, after a like ope- 


? Qae 
ration, that ler tae 


When both 4 and e are wanting in the formula a? 
+év 4+cv?+dvi+ev4, it is reduced to the cubic for- 
mula a?-+cv*-+dv3, which may be made a square in 
a manner different from any we have mentioned in 
treating of cubics; in fact, we did not discover it 
until we were thus far advanced in the present para- 

2 

graph. ‘he method is this; assume a+ for the 
root, which squared and equated with the proposed 
formula, produces this equation, a? 4cv*-+dv3 =a’ 

c2u4 czus 
+cv?-+——; therefore dvi =——, and by division 

4a* 4a* 

26 2 

; a from which we derive <= : 





d= 





- - The same 
4a* 


root will also apply to the biquadratic formula a?+ 
cvu*-+dv3 +ev%. 

There are two particular cases of biquadratic for- 
mulas having ali their terms which are very easily 
reduced to squares, viz. a*-+42a6v-+679?+d03 4+ ev4, 
and, a*+é0--c*0?-+2cev3 4-e2v*; the former of these 


hecomes a square when o——> and the latter when 
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a? : , 
mm: these values are too easily discovered to 


stand in need of any investigation. 

4] 16. That the learner may be able to use with 
advantage the rules we have given for formulas of the 
fourth degree, we shall select a few examples which 
will render their application sufficiently obvious. 

Let 4—50-+6v*—7v'+80* be made a square. 
Here we are to assume 2—rv-+%* for the root, which 
squared and equated with the proposed formula, gives 
4—5v + 60?—703 +804 = 4—4 70+ (r?+45) 0? —2rsv3 
+s?v4; and assuming 4r=5, and r* + 4s=6, we have 

6—r? 





r= 5, and s= ={5; also removing the equals 


from both sides of the equation, we have 8v4—703 
=s*v4—2rsv3, which divided by v3 becomes 8v—7 


7—2rs 
—=37343} which value, 





=s*?9—2rs, whence v= 


—_—S 
substituted instead of v, will render 4—5v-+60*—7v3 
+8c* a complete square. 

For another example, let 14+20+40? +803 +04 be 
made a rational square. The first term being a 
square, we may suppose |+v-+sv? for the root, and 
we have 1420+4v?+803 +04 =1420-+407 4250? + 
2sv}+s*v*, and equating the coefficients of v*, we 


have 2s+4+1=4, and s=}; also 8v3+-v*=2sv3 +5704, 


and dividing by v3, we have 8++v=2s+s*v, whence 
8-—.25 





v=— sant, and therefore the number 4 substituted 
Ire 

for v will make 1+4+20+40*+803+04, a rational 

square. 


The last term of 14+2v0+407+803-+04 being a 
square, we may also assume s+4v+407 for the root, 
which squared and equated to the proposed expression 
gives 14-2v4+4v*+8v3 +04=5* + 850+( 164-25 )v? + 
8v3+v*: now let us equate the coefficients of v*, 
and we have 16+2s=4, or s=—6, and therefore 
1-+4-2y==5? 4+ 8sy=564+48v, whence v=, which va- 


u 2 


a 





oe 





lue of v will also render the proposed expression a 
square. 

Again, both the first and last terms of 1+2v+4y? 
+8v3+v* being squares, we may assume 1+v+9?, 
1+v—y* for the root. The former of these roots 
being squared, we have 14+2v+4v?+8v$+v04=1+4 
2u+3y*+2vi+vu+, whence 4v7+8v5 =Sv*2+2v3, or 
4+8v=3+2v, and consequently v=—{; which ne- 
gative value put fongy, will also make the given ex- 
pression a complete square. 

If 1+v—v* be assumed for the root we shall have 
1-2v-+-4v* +83 +04 =14+20—v? =2v3+vu4, and 
therefore 4v*-+8v3} =—v*—2v3, or 4+8v=—1—2y, 
from which is found v=}; which value of v equally 
fulfils the condition required. 

Further, we may also assume 14+4v+v’, or —1 
+4v+v? for the root. The former of these fur- 
nishes us with the equation 1+2v=4v* +80" + v‘= 
1+8v+ 18v?+8v3 494; ; and therefore 4v*+2v=18y? 
+8v, or 4v+2=18v+8, whence v=-—3; a value which 
will not fail to render the proposed expression a com- 
plete square. 

If —1+4v+4v? be supposed the root, we have 1-4- 
2v+40*+8v3 +v+=1—8v+ 140*+ 805 4v*; and 
therefore 2v+4v*=——8v+414v’, or 2+4v=-~8+4- 
14v, consequently v=1; and this value also makes 
the proposed formula a complete square. We have 
therefore found these six values of 9, viz. 4, 4%, —3; 
—i, —3, and 1; each of which fulfils the condition 
Scaaired: 

Let us take the formula 1+200+4v4 for an exam- 
ple. Here we may suppose either 1+410v¥+2v?, or 
1+10v— 2v2, or 1+2v7, or 1—2v?: in the first case 
we shall find v=—¥*), in the second *¥, in the third 
5, and in the fourth —5. 

Let 1-—v?+v3—v* be made a square. Assume 
}—ip? for the root, and therefore 1—v?+v03 —y$= 
I—v? +{v+, consequently v§ —v*=jv4, or 1—v=jv, 


whence vas, which substituted for v makes 1—v? 
4-93 —y * = |— 16 vat ome? § $e 8 FP eS 7). 
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Let —1-+v—v*-+v* be made a square. Here the 
root to be assumed is —}+v*; therefore squaring 
and equating we have—1l+v—v*+v4=j—v?+04, 
consequently —14+v= 3, and v=; a value which 
admits of an easy verification. 

4] 17. When a biquadratic or a cybic formula cannot 
be reduced to any of the cases already stated, it may 
be proper to inquire whether it cannot be resolved 
into two factors, one of ae a square. ‘Thus, 
the biquadratic formula 2—4u$v?+2v!—vp¢ is not 
reducible to any of the forms yet explained, never- 
theless it is very easy to make it a complete square; 
We can even assign in one general expression, all 
the possible values of v that can satisfy the condition 
required. For, on examination we find that the equa- 
tion 2—-4v-+v? + 20$'—v+=0 has two equal roots each 
unity, and therefore the proposed expression may be 
expressed by (l—v)*x(2—wv?); it is manifest there- 
fore that we have only to make a square of 2—p?, 
which is easily performed in its fullest extent by the 
methods already exhibited. 

{ 18. When a biquadratic formula includes only 
the extreme terms and the middle one, if a+-dv?+ 
cv*, itis in general very difficult to manage: there 
is however one case of this kind whieh sometimes 
occurs, and is very easily made a square; I mean 
the formula a?—d?y? 4c*v4, which will always be. 

—<~ 6b 


a 
a square when we take v=7) Or— or —, or.—, four 
c c 


very simple values. Thus the formula 1—99?+v¢ is 
a square when v=4, or —j, or 3, or —S; but the 
method of discovering these values is too obvious to 
be insisted on. 

4] 19. When we have by trial or otherwise disco- 
vered one value of the unknown quantity that makes 
a formula of the fourth order a complete square, we 
may in general find as many others as we please: an 
easy example will be sufficient to explain this, Let 
2—v* be made a square. 








ee > 
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Here one value of v is evidently unity; but we 
wish to obtain another value. For this purpose let 
us put v=1-+y, and by this substitution we have 2— 
v¢=1—4y—6y*—4y?—y*; and assuming the root 
I1—2y—5y*, we have 1—4y—6y? —4y3—-y4= 1 —4y 
—6y7 +2073 +25y%, whence —4y3—y4 =20y3 + 25y4, 
therefore y=—+3, and consequently v=1+-y= 1—}4 
=,',;; if therefore we substitute ,*, for v, the formula 
2—v* will undoubilfiilly become a complete square. 
If now we desired more values of v, we should only 
have to substitute #,+-y for v in the formula 2—y4, 
and proceed as before. 

4] 20. There are yet several other particular me- 
thods for equations of the fourth order besides those 
already mentioned; but we have assigned a sufficient 
portion of our paper to such equations: we shall 
therefore conclude our remarks on them at present 
with observing that there are innumerable formulas 
of this order that cannet possibly become squares, 
2v4—2v* 42 is such a one: whatever value we assign 
to v, whole or fractional, this formula can never be 
a complete squaree But the most remarkable of 
these impossible formulas are the following, viz. v4 + 
1, v+—t, and 1—v*, or which are the same in effect 
by introducing two unknown quantities, v++-y4, and 
v+—y+, neither of which can ever be a square. Also 
since v+—y*=(v*+y?)x(v?—y?), it follows that the 
formulas v*+y?, and v*—y?, cannot be both squares 
at the same time, and that neither of the formulas 
v>+y? v?—y? 


stays’ gta) be a square ; these by taking v=], 
7 , 





—_— 








] , ‘ 
become : , and , neither of which can ever 


—y? 1 y? 

be a square: lastly, it is easy to demonstrate that 

l-2y2 

Ty 
§| 21. These impossible formulas throw light on 

some of the most avstruse subjects in mathematical 


never can be a square. 





( 
science; I mean the nature of such fluxionary expres- 


: oa Oy? « f142y2 
sions as _y /l—y+, y “Tot and y VT? 
No mathematician has been able to reduce such ex 
pressions into forms of which the fluents may be as- 
signable by finite algebraic quantifies, or by circular 


arcs and logarithms. The reason of this seems to 


be, that whatever substitution make for y, ory, 
we shall never be able to remoV@the surd, and obtain 
an expression in monomials or the form of a rational 
fraction, because these expressions cannot possibly 
become rational. Every fluxion of which the fluent 
is assignable in algebraic terms alone, may be trans- 
formed into one or more monomials free from surds, 
and having only given quantities in the denominators: 
and every fluxion of which the fluent is assignable 
by circular arcs and logarithms, may be freed from 
surds, and reduced to one or more rational fractions, 
having the variable quantity in the denominators; 
. Ty? ° fy +2y2 
but y VT” and y aarery 
ions of elliptic and hyperbolic arcs, cannot possibly 
become rational, and therefore cannot have their 
fluents assigned by circular arcs, and logarithms ; in 
other words, elleptic and hyperbolic arcs cannot 
possibly be measured by the arcs of the circle and 
parabola. 
9 22. Let a+bx be made a rational cude. 
Assume m for the root, a4+é42=m', from which 


» &ce 


» which are the flux- 


, mi—da nig Meee 
we obtain x= os this is too easy to require illus- 


tration. 


7 23. Let atbx+cx? be made a rational cube. 

Here it is necessary that the first term should be 
a cube, in which circumstance our formula becomes 
ai+-bxtcx?. Let us assume a+rx.for the root, 
which cubed and compared with the proposed ex- 
pression gives a3-+dx+cxr*=a3 + 3a?rx+3ar2x? +4 
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r3x3; and taking 3a?r=—é, which determines r, we 
have cx? =3.72x?+;323. and by division c=3ar24 
c—.3 r2 


r3x, whence x=>——~—. This case may be very 


properly exemplified in the formula !+x-+%?; but 
this we leave to the learner as an exercise. 
9] 24. Let uo} -ox+cx2-+-dx3 be made a cube. 
Assuming @+r.2 for the root, we shali have this 
equation, a3 + 67+ 4? --da 3a 4 3a2ra $ 3ar22 24 
r3x3; and making 3a2r=6, wauich determines the 
value of r, we have 3ar?x24-r3x3=cx?+di3, which 
by division becomes Sar?+r3 x=c-+dx, and therefore 
Sart—e 
d—r3 
As an example of this method, let l—x+22— 2% 
be made a rational cube. By assuming 1—rzx for 
the root, we have l—x+22—x3 = 1—S3rx+3r2x72— 
r3x35; and by making Sr=1. or r=2, we have x?— 
#3 = 3r2x2—r 3x3, wuich divided by x? becomes 1— 
1—3r2 





the value of a= 


4 


=S$r2—r3x2, and therefore x= =%, which 


— 3 
value being substituted for x, we fing l—x4+x*%?— 73 
zro0Oo0 _ 1O 3 

a . 9 ~ iy? * . . 
4; <5. When the last term of a cubic formula is 
already a cube, as in a+6x-+cx?-+-d3x3, we may sub- 


} 


/‘ l Sane mee 
stitute — for x, and the resulting formula multiplied 
J 


by »? will become d3+cx-+6x2+a, which coincides 
with that resoived in the last paragraph. but we 
may proceed in a more direct manner by assuming 
r+dx for the root, which cubed and equated with 
the proposed formula, gives a4 6x+-cx?+ d3a3=r34 
3r2dxc+S$rd2x2+4d3x3: now let us make 3rd2=-c¢, or 





c 
r=) and we shall have a+éx=73+5r2dz, a sim- 
o 
° oe i . a—r3 
ple equation, from which we obtain z=>————._ Of 
0: ~U-—b 


this we have an example in the formula x3}—x?+% 








as 
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—!. In this example a=—1, 6=1, c=—1, d=1, 


iS seceiien ® and tl nest 
and *toco— ——_—, and consequen Ye — et — 
3d2 3” q y 37 2d—4 id ; 


which value of x will make x3—x*+2—I1 a com. 
plete cube. . . 

4] 26. When both the first and last terms are cubes, 
as in a3 +-6x+4+cx?-+d?x3, we make the formula be- 
come a cube by a different value of x from those 
given by the methods explained in the 24th and 25th 
paragraphs. We may assume a+dzx for the root, 
this cubed and compared with the proposed formula 
gives a3 +bx-+cx? +d3 x} —a3 4-3a2dx+ 3ad?x?2+4d5x3; 
whence dx+cx2=3u2dr+43ad?x2, and by division 
b--.cx =3a2d+3ad?x, from which we obtain «= 
3u2d—b 
¢—3ad2" 
cube. Here 1+-x is to be assumed as the root, and 
we have 1+2x+42724 713 =1+452x+3x2+4x3, whence 
2x +-4x%—=Sx+3x2, or x? =x, and consequently x =I, 
which value being put for x makes 1+2x+4x?+4x3 
1424441=8=23. 

Two other values of x may be found that will ren- 
der 14+2x+4x2+x3 a complete cube, by pursuing 
the methods taught in the 24th and 25th paragraphs. 

4] 27. When the first and second terms are both 
wanting, the general cubic formula becomes cx? +dx3, 
which is made a cube with the greatest ease. We 
have only to assume cx?+dx3=mx}, which by di- 
vision becomes c+dx=mx, from which is had x= 


Example, let 1422+44x2?+x3 be made a 


ew and m may be taken at pleasure. 
m3—: 


4] 28. Sometimes we easily obtain the general va- 
luce of the unknown quantity, which will make a+-dx 
+cx?+dr3 a complete cube. This always happens 
when the equation a+éx-+cx? +dx} —0 has two equal 
roots. To exemplify this let 2—7x+802—3x} be 
made a cube. 

By putting 2—7xr+8x2—Sx3=0 we discover that 
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ihere are two equal roots each unity, and therefore 
2—7 x-+-8x%?—3x} =(2—3x)x(1—x)?2. Now this last 
is made a cube in a general manner by assuming 


m? 
(2—3x) x(l—x)*= (1x)? : from this we obtain 


m 
the simple equation 2—3x=-~(1—x), whence r= 
n 


Q2ni—m3 . : 
= => in which m and n may be taken at pleasure. 
iie—IN 


If m=x=1, we find x=3, which value substituted 
for x will not fail to render 2—7x2+48x?—3x3 a per- 
fect cube. 

4] 29. When we have by trial or otherwise disco- 
vered one value of the unknown quantity that will 
render a quadratic or cubic formula a perfect cube, 
we may generally find as many other values as we 
please by a proper substitution. The method of find- 
ing these will be sufficiently understood from the fol- 
lowing example: let 7—x3 be made a cube. Here 
we easily find one value of x that fulfils the proposed 
condition, viz x=—1, for 7 —(—1)3 =7+1=—8=23; 
let us therefore put x=—1+y, and by substitution 
7—x 3 =8—3y+3,?—y3, which must be a cube; sup- 
pose its root 2—y, and we have 8—3y-+ 3y?—-y3=8 
—12y+ 6y2?—y3, whence —Sy+3y?=—12y+4-6y?, or 


—3+3y=—12+6y, and therefore y=3, and of course 
x==3—1=2, which value in fact fulfils the required 
condition, for 7—xr3}=—7—8=—1l=(—1)3. But by 


assuming the root differently we may find another 
value of y from the same equation. Let 2—ry denote 
the root, and we have 8—3)+-3y? —y3} = 8— 12ry+ 
67*y?—_r3y3; which by assuming 1l2r=3, or r=}, 
becomes 3y? —y3=6r2y?—r'y3, and dividing by _»* 


3—6r2 





we have 3—y=6r?—r3y, and therefore y= - 
. — 


=}, whence x=§ ; and this value of x makes 7—x3 
125 an 89—125 64 4 
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¥ So. But in many instances all our endeavouts 
are ineffectual in such researches; in fact there are 
innumerable formulas that never can become cubes: 
among these 1+x3, 1—x}, x}—1, are the most sin- 
gular, or by introducing two unknown quantities x3 
+y3, and x3—y3, neither of which can ever become 
acube, as may be completely demonstrated. 

4] 31. Having thus briefly run through several of 
the most common cases of single equalities, we shall 
say a few words on double and triple equalities, which 
are of most frequent use in the Diophantine Analysis. 

Let us find x such that ax+6, and cx+d may be both 


SQUaTCSs 


Ss Zz? —b 
Assume ax+4=27, whence x= , and therefore 
a 


cz%--chtad acz*+a*d—abe 
_ 3 


cx+d= 





» which must be 
a 


a square, and therefore aez*+a?d—abe must be a 
square, and may be treated according to the rules 
already given for single formulas of the second degree. 

Example. To find such a value of x that 2x4-3, and 
4x+5 may be both squares. Assume 2x+3=2", 


g3 3 


whence x= — and 4x+5=2z2?—1, which must 


c 


be a square. By pursuing the methods taught in the 
preceding paragraphs for iormulas of the second de- 
gree, we may find as many values of z as we please, 
and among others 5, 29, 169. If z=5, we have x= 
: cone’ t, and 2x+3=:22+5=25=57, also 4x+5 
=4415=—49=77; if z=29, we have x=419, and if 
Z=169, we find x=14279. The learner may turther 
exemplify this by finding such values of x as will 
make 2+ x, and 2—x both squares. 

4] 3z. Let us find x such as wil. render ax+6x?, and 
cx+dx* doth squares. 


Dividing each of these formulas by x*, the quo- 
’ a c 
tients zt and x td must evidentiy be squares, which 


x 
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] 
by putting Jue become ay+é, and cy+d, formulas 


already considered in the last paragraph. The reader 
may try as an example, to find x such that x+.x?, 
and x—x* may both be squares. 

4] 33. Let ax+-b, and cx*+d be made squares by the 


same value of x. 
2 





Assume ax+é=z", whence x= » and cx?+d 


e(z* —b)* +a*d 
= ; = a square, and therefore c(z* 0) 
—_ 


+-a*d=cz* —2bez*+a*d+6*c must be a square. This 
is to be effected when possible by the rules given for 
biquadratic formulas. 

Example. To find x such that x+1, and x7+1 may 
both become squares. Put x«-+-l=z*, therefore x= 
37 —1, and x*+1=24—22*+2 must be a square, and 
to have x positive, z must be greater than 1. Since 
the formula 2+—22*-+-2 is a square when z=1, Iet 
us put z=1-++y, and by substitution 2+ —2z7?2+42=1+ 
4y*+4,3+y4: suppose now, according to a remark 
in the 15th paragraph, that 14-2y? is the root, and 
we have 144y?-++4j3 +y4=1+44y?+443* wherefore 
Ay3+y+=—4y4, or 4=:3), whence y= $, z=14+4=4, 
and x=2°—+1l=4p—1l=49. Now this value 4? put 
for x will evidently make x-+ 1, and x*+ 1 both squ. ves, 
for 49--1=49=(2)*, and a741="*99°+1='"$}'= 
(42)2. The reader will no doubt observe, that the 
methods given in this paragraph applies equally to 
the formulas ax-+-4, and cx*+dx+e. 7 

{ 34. Let us find x such that ax*+d, and cx*+4d 
may be both squares. 

We must begin with satisfying ourselves that each 
of the proposed formulas may become a square. 
Then having found by trial or otherwise a value 7, 
which, substituted for x, will render ax?-++é a square, 
we must put x=r-+y, and by this substitution the 
proposed formulas are transformed into er? +6-+ 2ary 
--ay?, and er*+d+2cry+cy*. And since, when x= 
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r, ax*+d—ar*+6=—= a known square =e*, our first 
formula becomes e?+2ary+ay?; and, putting cr? -}-d 
==f, our second becomes f+2cry-+cy?. To make e% 
+2ary+ay* a square, imagine s;—e to be the root, 
and there arises the equation e*-} 2ary+-ay* =e* — 2ezy 


vr 


: Zar +eg ; 
+2*y*, whence by reduction =———. This value 
Z 


of y being substituted for it in f+ 2cery+cy?, will pro- 
duce a formula of the fourth degree in terms of z, 
which may, when possible, be made a square by the 
rules already taught for such single equaiities. 

We are by no means to conclude that both equations 
can become squares with the same value of x, merely 
because each may be made a square with a different 
value: the contrary happens frequently; the formulas 
x?-+1. and x?—1 may both become squares, but not 
with the sume value of x, for then (x?--1)»(x?—1) 
s=x+—i would also be a square, which we know to 
be impossible. 

It is easy to see that a similar method may be used 
to find such a value of x as will render the formulas 
ax? +x-+c, and dx*+-ex+f complete squares. 

Weshall take an example. ‘To find x such that 
x*-+1, and «+5 may both be squares. It is evident 
that each of these formulas may be made a square 
separately ; therefore we may commence with mak- 
ing x*-+-1 a square. Suppose zx—! to be its root, 
and we shall have the equation x*+1=1—2zx-+-2?x?, 


c 


whence by reduction x= , and therefore x?7+5 


ee | 
Qe \%  524—622 +5 
=\|— +, +i= = a square, and there- 
Z~ 
fore 5z*—627+5 must be a square. The slightest 
attention is sufficient to discover that when z=1, the 
formula 52*—6z7+5 becomes a square; but this va- 





(2*—1,? 


: 2 : 
lue of 2 gives fe—— 7) from which we can draw no 


eonclusion: this value of z therefore does not answer 
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our purpose, and if, according to what has been taught, 
we substitute 1+ for z, we shall arrive at another 
biquadratic formula equally deceptive. In fact, this is 
one of those embarrassing formulas which often 
mock our ingenuity ; nothing, therefore, remains for 
us to do, but to prove the impossibility of the prob- 
lem proposed. 

We succeed better in attempting to assign x such 
that x*-++2, and x*-+-11 may both be squares, and we 
lind x=, we may easily find as many other values 
us we please. 

*] 35. There is alsoa particular and useful method 
of determining x such that a*x?+éx-+c, and d?x?+ 
ex +f may both be squares, which we must not omit. 
We should first, when necessary, reduce by multi- 
plication or division, the square coefficients of x? to 
an equality, which is sufficiently easy; the operation 
afterwards will be plain from an example. To find 
* such that x*—x-+7, and x*—7x-+1 may both be 
squares. Suppose x*—x+7=A?, and x*—7x+i= 
B?; whence, by subtraction 6x-+-6=A? —B?, or (2x 
L2)«3—=(A+B)x(A—B): now assume 2x+2=-A 
-+B, 3=A—B, whence x+3=A, and x- {=B. Each 
of these will give the same value of x; if we use A, 
we have x* —x+7=x*+5x+75, from which we ob- 
tain x==4, a value which will make both the formulas 


* squares. 


§| S36. Let us find x such that ax+6, cx+d, and ex 
+f may all be squares. 


8 ne 





, b , 
Put ax+d=y*, whence raz , and this value of x 


a 
being substituted for it in the remaining formulas 
acy*+a*d—abc 
cx+d, and ex+f, they become — » and 


z 
aey?+a*f—abe 





a 





: the question therefore is reduced to 


a? 
the finding of x such that the two quadratic formulas 
acy?-+a*d—abc, and aey*+a*f—ate may both be 
squares. 
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By applying this method:to the formulas 1—z, 2 
—x, 8—x, we find r=. 

4] 37. Such are some of the most general methods 
of resolving formulas involving only one unknown 
quantity ; but by far the most difficult and curious 
part of my subject yet remains, I mean the solution 
of Diophantine problems, in which two or more num- 
bers are required. On this inquiry I cannot enter 
at present, for my paper has already swelled beyond 
its intended limits, I must, therefore, defer the farther 
prosecution of this research to another opportunity. 
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